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Abstract

Using the fundamental theory of photon mapping, photon differentials, and ray
differentials, I explore the possibility of incorporating the ray differential of a
view ray in the radiance estimate for photon mapping with photon differentials.

By treating the view ray differential as a beam that occupies the width and
height of single pixel in the final image, I arrive at two different methods: Copla-
nar intersection-weighted photon differentials, which is based on explicitly com-
puting the coplanar intersection between the footprints of the respective ray
differentials, using the coverage and centroid of the intersection to weigh the
contribution of the photon differential, and multi-sampled photon differentials,
which uses the footprint of the view ray differential to define a set of sampling
points, using this set of points to multi-sample the photon differential.

Based on the hypothesis that it is possible to surpass the accuracy of the regular
filtered radiance estimate by taking into account the footprint of the view ray
differential, I subject each of the two new methods to a common test case,
comparing them to two configurations of the regular filtered radiance estimate;
one using a single view ray per pixel, and one using 3× 3 view rays per pixel.

My evaluation shows that, while both new methods are improvements over
the regular filtered radiance estimate with one view ray per pixel in terms of
accuracy, coplanar intersection-weighed photon differentials does not perform
well enough in terms of rendering time to be useful in practice without further
optimization.

Multi-sampled photon differentials, however, presents a practical alternative to
obtaining more accurate results without tracing more view rays per pixel. With
8×8 sampling points, the results of the method clearly rival those of the regular
filtered radiance estimate with 3 × 3 view rays per pixel, and in addition it is
also three times faster.
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1 Introduction

In synthethic computer graphics, there are generally two overarching branches
of rendering algorithms, where each branch caters to a specific type of applica-
tion. One of these branches is concerned specifically with real-time applications,
which require that images are rendered at interactive framerates, while the other
branch is more concerned about photorealism, which requires that the light in
the scene is simulated as accurately as possible.

In terms of photorealistic rendering, most rendering algorithms made for this
purpose revolve around the concept of approximating the solution to an equation
known as the rendering equation. The rendering equation was introduced in 1986
by Kayija [6]. Without going into the formal description this early in the text,
let me just state that the rendering equation defines the visible light in some
point on a surface as a function of the viewpoint, the surface itself, and the
surfaces that are visible from that particular point.

Algorithms that solve the rendering equation are also commonly referred to as
global illumination algorithms. This is because the rendering equation treats
each surface as a potential source of light, which implies that surfaces can be
illuminated both indirectly by other surfaces, and directly by dedicated sources.

The topic of this report has its roots in a global illumination algorithm known as
photon mapping. Photon mapping is a two-stage algorithm, where the first stage
involves tracing photons from the light sources, storing these at each intersecting
surface in an intermediate data structure. The second stage involves tracing
rays from the viewpoint, sampling the intermediate data structure in each point
of intersection to reconstruct the light reflected towards the viewpoint. This
reconstruction is referred to as the radiance estimate.

More recently, Schjøth et al. [8] proposed an extension to photon mapping
known as photon differentials. With photon differentials, each photon is associ-
ated with a ray differential, which keeps track of the size and shape of the light
represented by the photon. Using the extra information provided by photon
differentials, Schjøth et al. [8] define a new radiance estimate, which proves to
be better at preserving the shape and contours of the reconstructed light.

Based on the observation that also view rays can be associated with ray differ-
entials, I explore how to incorporate the view ray differential in the radiance
estimate for photon mapping with photon differentials, with the purpose of im-
proving the accuracy of the radiance estimate. Specifically, using the radiance
estimate defined by Schjøth et al. [8] as the foundation for my work, the purpose
is to arrive at a new radiance estimate that is more accurate than the radiance
estimate defined by Schjøth et al. [8].

Prior to incorporating the view ray differential in the radiance estimate, I de-
scribe the concepts and theory of photon mapping, photon differentials, and ray
differentials, all of which are topics that contain terms, principles and definitions
that are fundamental to my work.

This is a master’s thesis at DIKU – the Department of Computer Science at the
University of Copenhagen. In this regard, I would like to thank to my supervisor
Jon Sporring for the advice that I have received during the project.
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2 Photon mapping

Photon mapping is a global illumination algorithm that solves the rendering
equation. It revolves around the concept of using an intermediate data structure,
the so-called photon map, to estimate the irradiance for any given point on
any given surface, and consequently also the reflected radiance for any given
viewpoint. It was introduced by Henrik Wann Jensen in 1996 [4].

The basic photon mapping algorithm consists of two stages: The photon tracing
stage and the rendering stage. The photon tracing stage populates the photon
map by tracing rays from the light sources, while the rendering stage generates
the final image by tracing rays from the viewpoint, sampling the photon map.

Sections 2.1 and 2.2 describe each of the two stages in more detail, while section
2.3 discusses the underlying data structure for the photon map.

2.1 Photon tracing

In the photon tracing stage, a finite number of photons are emitted from the light
sources in the scene. Each photon can be thought of as a particle that represents
some radiant power Φp travelling in a specific direction. The scattering and
distribution of light through the scene is then simulated by tracing the path of
each photon, and along each path the relevant photon-surface intersections are
stored in the photon map.

2.1.1 Emission

As shown in Figure 1, the initial position and direction of each photon depends
on the type of light source that it originates from. If the light is a point light,
then the starting point is already known, and the direction is randomly chosen
within the unit sphere. For complex lights, i.e. lights with a surface, the starting
point is a randomly chosen point on the surface, and the direction is randomly
chosen within the unit hemisphere in the direction of the corresponding surface
normal.

(a) Point light (b) Complex light

Figure 1: Illustration of photons being emitted from two different types of light sources. When
emitted by a point light, the emitted photon all assume the same starting point. When emitted by
a complex light, the starting point is a random point on the emitting surface. In this example the
emission occurs in 2D, meaning that the surface in (b) is the boundary of the blue area.
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The radiant power of each photon is initialized to a fraction of the corresponding
light source’s radiant power Φ. To avoid adding or removing energy from the
system, the sum of the radiant power of the photons emitted by a given light
source must always equal the radiant power of the light source itself. A simple
solution is to divide the radiant power of the light source evenly among its
emitted photons, i.e.:

Φp =
Φ

N
(1)

where N is the number of emitted photons for that particular light source.

Note that the number of emitted photons is not a direct parameter of the indi-
vidual light sources. Rather, this value is inferred from the specified number of
photons for the entire scene Nscene, as well as each light source’s radiant power
Φ, in relation to the total radiant power of all light sources in the scene Φscene.
Thus, the number of emitted photons for a single light source is defined as:

N =
Φ

Φscene
Nscene (2)

Jensen remarks [5, p.61] that all photons having approximately equal radiant
power is important for the quality of the radiance estimate. The radiance esti-
mate is described in section 2.2.1 on page 6.

For photons emitted using the model described above, this is easily verified
by substituting the right hand side of Equation 2 into Equation 1, and then
reducing:

Φp =
Φ(

Φ
Φscene

Nscene

)
=

Φscene

Nscene
(3)

which states that the radiant power of any emitted photon is just a function of
the total radiant power of all lights in the scene, as well as the total number of
emitted photons.

2.1.2 Scattering

After a photon has been emitted, then it is traced through the scene to sim-
ulate the scattering of light. This is achieved using conventional ray tracing
techniques. Each photon is essentially treated as a ray that is tested for inter-
sections with surfaces in the scene, where, for each photon-surface intersection,
the material properties of the surface are used to decide the next course of
action.

Based on the material properties of an intersecting surface, a photon can be
reflected, refracted, or absorbed in some capacity. In general, when a photon
is reflected or refracted, then its radiant power Φp and incident direction ωp is
stored in the photon map, essentially adding to the incident radiant power in
the point of intersection. As shown in Figure 2 on page 4, a photon can be

3



stored multiple times along a path. A photon trace continues until the photon
is absorbed, until some maximum number of intersections is reached, or until
no further intersections can be found.

Figure 2: An example of one of the possible paths that a photon can take through a scene. The
blue dot denotes the emitting light source, a point light in this case, and the white dots denote
where the photon is stored in the photon map for this particular path. In this case the photon is
reflected twice, first by a specular surface and then by a diffuse surface, and then refracted. The
trace terminates as the photon exits the scene in a direction where no more intersections can be
found.

Obviously, most surfaces are not perfect reflectors nor fully transparent. They
absorb some of the light that hits them, and they typically also reflect light in
multiple directions, diffuse as well as specular. For these reasons, an explicit
implementation of scattering normally requires that the radiant power of each
photon is adjusted when reflected or refracted, and that more photons are cre-
ated at each photon-surface intersection, in order to evaluate all possible paths.

However, evaluating all possible paths for each emitted photon is also expensive
and impractical. For this reason, photon tracing does not implement scattering
explicitly, but instead uses a probabilistic selection scheme known as russian
roulette.

Using the russian roulette scheme, only a single path is traced for each photon,
and the radiant power of each photon is retained for the entire length of its path,
regardless of the number of reflections and refractions. Instead, the number of
reflections and refractions that each photon is subjected to is probabilistically
chosen based on the surface properties along the path.

More specifically, the russian roulette scheme lines up the possible choices as
numeric intervals proportional to the material properties of the intersecting
surface, and then picks a random number that points to one of them. For
example, if a surface is 75% specular, then the russian roulette scheme will cause
75% of the photons hitting that surface to be reflected in the specular direction
with unchanged radiant power, while the remaining 25% will be completely
absorbed and discarded.

Given enough photons hitting the same surface, it should be clear that reflecting
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100% of the radiant power of 75% of the incoming photons is equivalent to
reflecting 75% of the radiant power of 100% of the incoming photons. Russian
roulette therefore produces a result that is similar to that of a non-probabilistic
approach, although at the cost of some added variance in the photon map.

Listing 1 shows how photon scattering can be implemented statistically using
the russian roulette scheme, eliminating the need to trace all possible paths for
each photon.

// photon s c a t t e r i n g us ing ru s s i an r ou l e t t e
v o i d t r a c e ( p h o t o n )
{

s u r f = f i n d _ n e x t _ s u r f a c e ( p h o t o n )
r a n d = r a n d _ u n i t ( )

// t e s t i f within i n t e r v a l f o r specu la r r e f l e c t i o n
i f ( ( r a n d −= s u r f . k _ s ) < 0)
{

s t o r e _ p h o t o n ( p h o t o n , s u r f )
r e t u r n t r a c e ( r e f l e c t _ s ( p h o t o n , s u r f ) )

}

// t e s t i f within i n t e r v a l f o r d i f f u s e r e f l e c t i o n
i f ( ( r a n d −= s u r f . k _ d ) < 0)
{

s t o r e _ p h o t o n ( p h o t o n , s u r f )
r e t u r n t r a c e ( r e f l e c t _ d ( p h o t o n , s u r f ) )

}

// t e s t i f within i n t e r v a l f o r r e f r a c t i o n
i f ( ( r a n d −= s u r f . k _ t ) < 0)
{

s t o r e _ p h o t o n ( p h o t o n , s u r f )
r e t u r n t r a c e ( r e f r a c t ( p h o t o n , s u r f ) )

}

// absorb ( end t race )
}

Listing 1: Pseudo-code for photon scattering using russian roulette.

2.2 Rendering

During the rendering stage, a finite number of rays are cast from the viewpoint
and traced into the scene. These rays pass through points on the view plane
that correspond to pixels in the final image, hence they are referred to as view
rays.

Each view ray is traced recursively, but the recursion only occurs in the case
of refraction. This is to support transparent surfaces, and this particular part
of the algorithm can be likened to a simplified version of classic recursive ray
tracing [11].

Because the photon map contains an approximation of the incident light for
every point on every surface in the scene, direct as well as indirect, it is not
necessary to pursue reflection rays, or trace rays back to direct light sources, in
order to compute the reflected radiance for a given view ray.

For each ray-surface intersection, the reflected radiance in the direction of the
view ray is computed directly based on the k -nearest photons in the photon map.
Jensen refers to this computation as the radiance estimate. Obviously, the closer
the k -nearest photons are to the point of intersection, the more accurate the
estimate of the reflected radiance will be.
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Figure 3 illustrates the paths of example view rays as they are traced into
an example scene, as well as how the distance may vary to the photons that
contribute to the radiance estimate in each ray-surface intersection, assuming
k = 3.

Figure 3: View rays are traced from the viewpoint and into the scene. For each ray-surface inter-
section, the k-nearest photons are retrieved from the photon map and used as input to the radiance
estimate, which is detailed in section 2.2.1. In this example k = 3. Notice how the support region
(marked with grey circles) expands around the point of intersection to encompass the k-nearest
photons. Obviously, the smaller the support region is, the more accurate the radiance estimate will
be. In general, emitting more photons into the scene during the photon tracing stage will increase
the chance of a smaller support region during the rendering stage.

The radiance estimate is described in more detail in the the following section,
2.2.1, and section 2.2.2 discusses some of the optimizations that are relevant in
terms of practical application of the basic photon mapping algorithm.

2.2.1 Computing the reflected radiance

Computing the radiance for a given view ray is synonymous with solving the
rendering equation:

L0(x, ω) = Le(x, ω) + Lr(x, ω) (4)

where x is the point of intersection, ω is the outgoing direction, Le is the emit-
ted radiance, and Lr is the reflected radiance. Typically, ω is defined as the
normalized and inverted direction of the view ray’s actual direction v, i.e.:

ω = − v

‖v‖
(5)

Assuming that the emitted radiance can be read directly from the intersecting
surface in x, the main point of interest is to compute the reflected radiance.
The reflected radiance can be described by the following integral:

Lr(x, ω) =

∫
Ωx

fr(x, ω
′, ω)Li(x, ω

′)(nx · ω′)dω′ (6)
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where Ωx is the hemisphere in the direction of the surface normal nx in the
point of intersection x. The integration variable ω′ is a direction on the hemi-
sphere, and Li is the incident radiance from ω′. Finally, fr is the bi-directional
reflectance distribution function (BRDF), which describes how much of the in-
cident light from ω′ is reflected in the outgoing direction ω.

As described in section 2.1.2, each photon stored in the photon map represents
some incident radiant power Φp from a specific direction ωp. According to
Jensen [5, p.14], incident radiance Li can be expressed in terms of incident
radiant power Φi as follows:

Li(x, ω
′) =

d2Φi(x, ω
′)

(nx · ω′)dω′dAi
(7)

where dω′ is the solid angle and dAi is some infinitesimal area on the surface
around x. Plugging this back into Equation 6 yields:

Lr(x, ω) =

∫
Ωx

fr(x, ω
′, ω)

d2Φi(x, ω
′)

(nx · ω′)dω′dAi
(nx · ω′)dω′

=

∫
Ωx

fr(x, ω
′, ω)

d2Φi(x, ω
′)

dAi
(8)

Finally, the continuous integral is approximated by a sum over the k-nearest
photons in the photon map. Jensen writes:

Lr(x, ω) ≈
k∑
p=1

fr(x, ωp, ω)
∆Φp(x, ωp)

∆A
(9)

where ωp is the incident direction stored with each photon, and ∆Φp(x, ωp)
is the stored radiant power, assuming that the photon was actually stored in
x. This is usually not the case, and the farther a photon lies from x, the less
accurate its contribution to the radiance estimate will be.

In Equation 9, ∆A denotes the projected area of a sphere expanded around x
to encompass the k-nearest photons. This is also illustrated in Figure 3 on page
6. Assuming a flat surface around x, ∆A is defined as the area of a circle with
the same radius r as the encompassing sphere, i.e.:

∆A = πr2 (10)

One of the issues with the raw radiance estimate – Equation 9 – is that the k-
nearest photons typically have varying distance to the actual point of interest x.
As the accuracy of a particular photon’s contribution to the radiance estimate
increases as its distance to x decreases, it makes sense that photons close to x
should contribute more than photons far from x.

Thus, Jensen suggests weighing the contribution of each photon by some func-
tion K of its distance to x, i.e.:

Lr(x, ω) ≈
k∑
p=1

fr(x, ωp, ω)
∆Φp(x, ωp)

∆A
K(‖xp − x‖) (11)
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where xp is the position of the photon in the photon map. Notice how K is
essentially an isotropic filter kernel, since it relies on the euclidean distance
between xp and x.

2.2.2 Hybrid approaches

Jensen [5, p.95] suggests that, in practice, mixing photon mapping with more
elements of classic recursive ray tracing [11] can be beneficial, especially in
terms of improving the quality of specular reflections without having to greatly
increase the number of photons. The primary reason for this is that specular
reflections, unlike diffuse reflections, are highly viewpoint-dependent, while the
photon map is viewpoint-agnostic. Thus, by ignoring specular reflections in
the photon tracing stage and instead tracing these backwards in the rendering
stage, it is possible to get considerably better image quality without increasing
the number of emitted photons.

Similarly, Jensen also suggests using a separate photon map to render caustics,
generated by emitting photons specifically towards highly curved specular sur-
faces, since these are most likely to cause the formation of caustics. Caustics
usually have sharp features, such as clearly defined edges, which can be diffi-
cult to reconstruct due to the averaging nature of the radiance estimate, which,
using the k -nearest photons, blurs details in favour of less variance.

Neither of these optimizations are requirements of the basic photon mapping
algorithm, and one can also think of them as sampling problems, i.e. problems
that become smaller as the resolution of the photon map is increased. In this
chapter I have chosen to focus on the photon mapping algorithm in its most
basic form, and I refer the interested reader to Jensen’s book [5] for further
details on the various optimizations.

Section 3 examines an extension to photon mapping, namely photon differ-
entials, that improves the ability to render caustics without using a separate
photon map or increasing the number of photons.

2.3 Data structure

The photon map is a data structure that allows insertion of photons as well as
searching for the k -nearest photons in any given location in a three-dimensional
space. In principle, any type of data structure can be used, even a simple list,
but for all but the most simple cases we will want to use an acceleration structure
that allows searching for the k -nearest photons in less than linear time. This is
because the rendering stage will be querying the photon map for the k -nearest
photons quite often.

2.3.1 Kd-trees

Jensen [5] suggests using kd-trees to implement the photon map. Since kd-trees
happen to subdivide space by axis-aligned splitting planes that intersect points
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in space, see Figure 4, this choice makes quite a lot of sense as long as photons
have no size or shape associated with them.

1

2

3
4

5

1
y-split

2
x-split

3
x-split

4
y-split

5
y-split

y

x

Figure 4: An example of a two-dimensional kd-tree with 5 nodes. Kd-trees subdivide space by
axis-aligned splitting planes chosen in rotation. The subdivision of space is shown on the left, and
the structure of the corresponding tree is shown on the right. In this case there are only two axis,
hence the nodes partition the space along y, then x, then y, and so forth. Because each node is a
point, the kd-tree is well suited to storing photons with no size or shape associated with them.

By implementing the photon map using a kd-tree, the photons themselves can
act as the nodes in the tree, reducing both complexity and memory consumption.
This data structure also allows searching for the k -nearest photons in logarithmic
time; O(k+log n), where n is the number of photons and k is the desired number
of neighbours.

2.3.2 Octrees

Another possibility is to use octrees, a three-dimensional variant of quadtrees [1].
Octrees are an interesting alternative as they employ fixed spatial subdivision,
see Figure 5 on page 10, rather than the splitting-plane approach used by kd-
trees.

The fixed subdivision of space makes octrees quite easy to grasp and visualize,
and therefore also relatively easy to implement. For example, searching in an
octree can be accomplished by tracing rays into the geometry of the tree, testing
for intersections with the axis-aligned bounding boxes that define the nodes of
the tree. Octrees also inherently support entities with actual volume and/or
shape, which could potentially be useful with regards to photon differentials.

Perhaps the most obvious disadvantage of using octrees is that the tree cannot
be rebalanced, and as such the tree will only be balanced if the data stored in it
already has a uniform spatial distribution. This follows as a result of the fixed
spatial subdivision.
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y

x

Figure 5: An example of a quadtree storing two points (upper left) and some complex geometry
(lower right). In a quadtree, the nodes in the tree are squares, with the root node being the
outermost square. Octrees are very similar, except that the nodes are cubes, and that each node
has eight children rather than four. Insertion occurs from the root of the tree: If the data can fit
completely into one of the child nodes of the current node, then the insertion continues in the child
node, and otherwise the data is stored in the current node. Empty space is not partitioned since
child nodes are created on demand.

2.4 Summary

To summarize, this is the behaviour of the standard photon mapping algorithm:

1. Nscene photons are emitted from the light sources in the scene. All photons
are given the same radiant power, Φp = Φscene/Nscene, with the distinction
being that more photons are emitted from bright light sources than dim
light sources.

2. Each of the emitted photons is traced through the scene to simulate the
scattering of light. Using russian roulette, only a single path is traced for
each photon, and the radiant power of each photon stays constant for the
entire length of its path. A photon is stored in the photon map every time
it is reflected or refracted, i.e. in each point of intersection along its path
until absorbed.

3. View rays are traced from the viewpoint and into the scene. For each ray-
surface intersection, the k-nearest photons are gathered from the photon
map and used as input to the radiance estimate. The result of the radiance
estimate adds to the intensity of the corresponding pixel in the final image.
Refracted rays are traced recursively to support transparent surfaces.

The next section describes a different variant of photon mapping, introduced by
Schjøth et al. [8], in which photons are replaced by photon differentials. Unlike
photons, photon differentials have size and shape associated with them, and this
allows for a redefinition of the radiance estimate which preserves the shape of
the emitted light.

10



3 Photon differentials

With photon mapping, recall that the propagation and distribution of light is
approximated by emitting and tracing a finite number of photons from each light
source. Because the resolution of light is infinite, each of the emitted photons
can also be interpreted as the center of a beam whose size and shape changes
as it propagates through the scene.

By keeping track of the beam surrounding a given photon, it is possible to
approximate the shape of the light that reaches a given surface without having
to increase the number of photons. Essentially, when a photon hits a surface,
the projection of the surrounding beam onto the tangential surface in the point
of intersection yields a footprint, and this footprint is an approximation of the
shape of the light that reaches the intersecting surface.

Schjøth et al. [8] propose a variant of the standard photon mapping algorithm,
in which each photon is associated with a ray differential to describe and keep
track of the surrounding beam as it propagates through the scene. They refer to
this combination of photons and ray differentials simply as photon differentials.

More specifically, a photon differential represents a beam of light whose size
and shape changes as it propagates through the scene. It is defined by some
radiant power Φpd, a position P and a direction V that describe the position
and direction of the center of the beam, as well as a ray differential (dP, dV )
that describes the positional and directional offsets of two imaginary adjacent
rays that approximate the size and shape of the beam.

Although photon differentials completely replace photons in the variant of pho-
ton mapping proposed by Schjøth et al. [8], most of the basic aspects of the
algorithm are indifferent from standard photon mapping, with the most essen-
tial differences being that the differentials dP and dV have to be initialized and
updated during emission and scattering, as well as the radiance estimate, which
is redefined to take into account the size and shape of the footprint.

First, section 3.1 describes the fundamental theory of ray differentials, as well
as the basic operations for tracing them analytically. Then, based on the theory
of ray differentials, section 3.2 describes the necessary changes to emission and
scattering, while the redefined radiance estimate is described in section 3.3.

For a detailed evaluation of how photon mapping with photon differentials per-
forms in comparison to standard photon mapping, I refer the interested reader
to the original paper on photon differentials by Schjøth et al. [8].

3.1 Ray differentials

A ray can be defined by its position P and a direction V . If a ray with position
P is known to pass through a point x, then its direction V can also be written
as a function of the vector from P to x, i.e.:

V =
v

‖v‖
(12)
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where
v = x− P (13)

A ray differential is a first order approximation of the change in a ray’s position
and direction with respect to one or more of the initial parameters of the ray.
In other words, a ray differential consists of two differentials, dP and dV , which
can be used to infer the position and direction of an imaginary adjacent ray.

For example, given a ray whose position P is constant and whose direction V
therefore only depends on x, the differential dV approximates the change in V
for some change in x. Figure 6 illustrates the relationship between the change
in x, the differential dV , and the direction V + dV of the imaginary adjacent
ray.

P V v

V+dV

x

dx
dV

Figure 6: Illustrates the relationship between the differential dV of a ray’s direction V for some
change in x, dx, as well as the inferred direction V + dV of the resulting imaginary adjacent ray.

Ray differentials were first introduced by Igehy [3], who originally used them to
perform anisotropic texture filtering. More recently, Sporring et al. [9] described
them in a more general form, using the notation and algebra of Magnus and
Neudecker [7] to support concatenation of operations by matrix multiplication,
and also extended them to the temporal domain.

A very nice property of ray differentials is that they can be propagated through
the scene alongside the original ray, simply by evaluating the differentials of
the same operations used to propagate the original ray. Figure 7 illustrates the
relationship between a ray and the imaginary adjacent ray represented by a ray
differential as both propagate through the scene.

P

V

V+dV

Q
Q+dQ

W
reflect

W
reflect
+dW

reflect

Figure 7: The relationship between a ray and the imaginary adjacent ray represented by a ray
differential as both propagate through the scene. In this example, the original ray is transferred to
an intersecting surface and then reflected. P is the initial position of the ray, while Q is its position
following the transfer. Similarly, V is the initial direction of the ray, while Wreflect is its direction
following the reflection. The position and direction of the imaginary adjacent ray is inferred at each
step by taking the sum of the ray’s position and direction and the respective components of the ray
differential. The operations for transfer and reflection are derived in sections 3.1.2 and 3.1.3.

Igehy [3] describes the necessary operations for transfer, reflection, and refrac-
tion, but skips over some detail in the derivations of these. On the other hand,
Sporring et al. [9] go into great detail in the derivations, but the general form
of their equations requires a bit more of the reader.
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The remainder of this section describes the initialization of a ray differential and
derives the operations for transfer, reflection, and refraction. I will be using the
notation of Sporring et al. [9], while following the assumptions of Igehy [3] to
simplify some of the terms.

3.1.1 Initialization

Given a ray with position P and direction V , the ray differential (dP, dV ) with
respect to the parameters of P or V can be found by applying the differential
operator directly to P and V .

Starting with dV , note that ‖v‖ =
√
vT v = (vT v)

1
2 , and that V therefore also

can be written:
V = v(vT v)−

1
2 (14)

Applying the differential operator to the above definition of V yields:

dV = d
(
v(vT v)−

1
2

)
= (dv)(vT v)−

1
2 + vd

(
(vT v)−

1
2

)
= (dv)(vT v)−

1
2 + v

(
−1

2
(vT v)−

3
2 d(vT v)

)
= (dv)(vT v)−

1
2 + v

(
−1

2
(vT v)−

3
2

(
(dvT )v + vT dv

))
= (dv)(vT v)−

1
2 + v

(
−1

2
(vT v)−

3
2 2vT dv

)
= (dv)(vT v)−

1
2 − v(vT v)−

3
2 vT dv (15)

To continue the derivation, observe how dv can move freely in the left term
because (vT v) is a scalar. However, also note that moving out dv requires the
introduction of the identity matrix I, since one cannot subtract a matrix from
a scalar. The final steps follow:

dV =
(

(vT v)−
1
2 I − v(vT v)−

3
2 vT

)
dv

=
(vT v)

3
2

(vT v)
3
2

(
(vT v)−

1
2 I − v(vT v)−

3
2 vT

)
dv

=
1

(vT v)
3
2

(
(vT v)I − vvT

)
dv

=
(vT v)I − vvT

(vT v)
3
2

dv (16)

Note that expressing the differential dV with respect to dv results in the Jaco-
bian of V , which is a matrix containing the partial derivatives of V with respect
to each component of v:

dV

dv
=

(vT v)I − vvT

(vT v)
3
2

(17)
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where [
dV

dv

]
i,j

=
∂Vi
∂vj

(18)

Finally, from Equation 13 it is obvious that dv = (dx − dP ). Thus, under the
assumption that the ray’s position P has no dependencies, it follows that the
differential dP of the ray’s position is zero, and that the differential dV of the
ray’s direction only depends on the change in x, dx:

dP = 0 (19)

dV =
(vT v)I − vvT

(vT v)
3
2

dx (20)

Once initialized, the ray differential (dP, dV ) can be traced alongside the original
ray using the operations for transfer, reflection and refraction.

3.1.2 Transfer

The transfer operation shifts a ray’s position to its point of intersection with a
surface in the scene. Given a ray with position P and an intersection point Q0,
the ray’s transferred position Q can be written as:

Q = P + sV (21)

where s is the distance to the surface along the ray’s direction V .

Applying the differential operator to Equation 21 yields the formula for trans-
ferring the corresponding ray differential. Given a ray differential (dP, dV ), the
differential dQ of the ray’s transferred position can be written as:

dQ = dP + (ds)V + sdV (22)

To actually solve Equation 22 it is necessary to derive ds. Given the surface
normal N in the point of intersection Q0, s can be expressed as the ratio between
the two dot products:

s =
(Q0 − P )TN

V TN
(23)

Applying the differential operator to the above definition of s yields:

ds = d

(
(Q0 − P )TN

V TN

)
=

(V TN)d
(
(Q0 − P )TN

)
−
(
d(V TN)

)
(Q0 − P )TN

(V TN)2

=
(dQ0 − dP )TN

V TN
+

(Q0 − P )T dN

V TN
− sd(V TN)

V TN

=
(dQ0 − dP )TN

V TN
+

(Q0 − P )T dN

V TN
− sNT dV

V TN
− sV T dN

V TN

=
NT

V TN
dQ0 −

NT

V TN
dP +

(Q0 − P )T − sV T

V TN
dN − sNT

V TN
dV (24)
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Sporring et al. [9] proceeds with this general form of ds while Igehy [3] makes the
assumption that the intersection point Q0 is fixed and that surface normal N is
constant over the intersecting surface. By zeroing out these terms in Equation
24, it is possible to verify that the result is equal to that of Igehy [3]:

ds = − NT

V TN
dP − sNT

V TN
dV

= −N
T dP + sNT dV

V TN

= − (dPT + sdV T )N

V TN
(25)

Following Igehy’s assumption of a fixed intersection point and constant surface
normal, i.e. plugging Equation 25 into Equation 22, a readily solvable formula
for the differential dQ of the ray’s transferred position is found to be:

dQ = dP −
(
NT

V TN
dP +

sNT

V TN
dV

)
V + sdV

= dP − NT dP

V TN
V − sNT dV

V TN
V + sdV

= dP − V NT

V TN
dP − sV NT

V TN
dV + sdV

=

(
I − V NT

V TN

)
dP −

(
V NT + I

V TN

)
sdV (26)

Refer to Sporring et al. [9] for an elaborate definition of dQ that does not assume
constant intersection point nor constant surface normal. Figure 8 illustrates the
transfer operation geometrically using the simplified formulation of ds.

Q+dQ = Q+sdV+(ds)V

N
dV

s

P

V

sdV (ds)V

|ds| = s((dVT)N) / (VTN)

Q

V+dV
Figure 8: An illustration of the involved terms in the transfer of a ray differential, assuming that
dP = 0, and assuming a flat surface using the simplified formulation of ds shown in Equation
25. The proportions are approximate but roughly correct. Notice how this shows how dQ only
approximates the offset to the intersection point between the imaginary adjacent ray (grey dotted
line inferred by V + dV ) and the surface.

3.1.3 Reflection

The reflection operation reflects a ray’s direction based on its incident angle to
an intersecting surface. It assumes that the ray has already been transferred to
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the surface in question. Given a ray with direction V and the surface normal N
at the intersection point, the ray’s reflected direction Wreflect can be written as:

Wreflect = V − 2(V TN)N (27)

Applying the differential operator to Equation 27 yields the basic formula for
reflecting the corresponding ray differential. Given a ray differential (dP, dV ),
the differential dWreflect of the ray’s reflected direction can be written as:

dWreflect = dV − 2d
(
(V TN)N

)
= dV − 2

(
(d(V TN))N + (V TN)dN

)
= dV − 2(V TN)dN − 2

(
(dV T )N + V T dN

)
N

= dV − 2(V TN)dN − 2(NT dV )N − 2(V T dN)N

= dV − 2(V TN)dN − (2NNT )dV − (2NV T )dN

= (I − 2NNT )dV − 2(V TNI −NV T )dN (28)

Evaluating dWreflect requires the differential dN of the surface normal N . This
derivation is outside the scope of this report, but one may refer to [3] for a
discussion of the concept of using a so-called shape operator, or Sporring et al.
[9] who derive dN in full for phong shaded surfaces with vertex-interpolated
surface normals.

3.1.4 Refraction

The refraction operation refracts a ray’s direction based on its incident angle
to an intersecting surface using Snell’s law of refraction [3][9]. Just like the
reflection operation, this operation also assumes that the ray has already been
transferred to the surface in question. Given a ray with direction V and the
intersecting surface’s surface normal N , the ray’s refracted direction Wrefract

can be written as:
Wrefract = ηV − µN (29)

where η is the ratio of refraction, and where:

µ = ηV TN +
√
ε (30)

ε = 1− η2
(
1− (V TN)2

)
(31)

Applying the differential operator to Equation 29 yields the formula for refract-
ing the corresponding ray differential. Given a ray differential (dP, dV ), the
differential dWrefract of the ray’s refracted direction can be written as:

dWrefract = dηV + ηdV − dµN − µdN
= V dη + ηdV −Ndµ− µdN (32)

To actually evaluate the above definition of dWrefract it is necessary to derive dη,
dµ, and dN . For flat surfaces separating two homogeneous media, the surface
normal N and the refraction ratio η are constants across the intersecting surface,
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which implies that the corresponding differentials are zero, i.e. dN = 0 and
dη = 0. This assumption leaves only the derivation of dµ, which relies on dε.

Applying the differential operator to Equation 31 yields dη:

dε = 0−
(
d(η2)

) (
1− (V TN)2

)
− η2d

(
1− (V TN)2

)
= −2η(dη)

(
1− (V TN)2

)
− η2

(
0− 2V TN((dV T )N + V T dN)

)
= −2η

(
1− (V TN)2

)
dη + 2η2V TN(NT dV + V T dN) (33)

Similarly, given dε, dµ is derived from Equation 30 as follows:

dµ = (dη)V TN + η
(
(dV T )N + V T dN

)
+ d
√
ε

= V TNdη + η(NT dV + V T dN) +
1

2
ε−

1
2 dε

= V TNdη + η(NT dV + V T dN) +
dε

2
√
ε

= V TNdη −
2η
(
1− (V TN)2

)
2
√
ε

dη +

η(NT dV + V T dN) +
2η2V TN(NT dV + V T dN)

2
√
ε

=

(
V TN − 1− ε

η
√
ε

)
dη +

η

(
1 +

ηV TN√
ε

)
NT dV + η

(
1 +

ηV TN√
ε

)
V T dN (34)

And finally, substituting the above definition of dµ into Equation 32 yields the
full definition of dWrefract:

dWrefract = V dη −N
(
V TN − 1− ε

η
√
ε

)
dη +

ηdV − ηN
(

1 +
ηV TN√

ε

)
NT dV −

µdN − ηN
(

1 +
ηV TN√

ε

)
V T dN

=

(
V −N

(
V TN − 1− ε

η
√
ε

))
dη +(

ηI − ηN
(

1 +
ηV TN√

ε

)
NT

)
dV −(

µI − ηN
(

1 +
ηV TN√

ε

)
V T
)
dN (35)

where the first and third terms evaluate to zero for flat surfaces separating two
homogeneous media. Akin to the derivation of the reflection operation in section
3.1.3, refer to Igehy [3] and Sporring et al. [9] for details on the derivation of
dN for non-flat surfaces.
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3.2 Emission and scattering

Based on the properties of the emitting light source, each photon differential is
assigned a position P , a direction V , and some radiant power Φpd. The initial-
ization of these properties follow the same principles as when regular photons are
emitted as described in section 2.1.1, with the addition being the initialization
of (dP, dV ). Using the definition of V from Equation 12 in section 3.1.1:

V =
v

‖v‖

=
x− P
‖x− P‖

and assuming that P is constant, dP and dV are given by:

dP = 0

dV =
(vT v)I − vvT

(vT v)
3
2

dx

For a photon differential, dx is a 3×2 matrix whose columns describe the changes
in x that govern the initial change in V for each of two imaginary adjacent rays.
Using α to denote the vector parameter of the first imaginary ray, and β to
denote the vector parameter of the second imaginary ray, dx can be defined as:

dx = [ α β ] (36)

Schjøth et al. [8] suggest that, ideally, for each photon differential emitted by
a given light source, α and β should be chosen such that the footprint of the
resulting beam represents a fraction of the area of the unit sphere proportional
to the number of photon differentials emitted by that particular light source.

Based on the definition of the area of the footprint given in section 3.2.1, and
assuming that v = V , which implies that x is a point on the unit sphere around
P , this is possible by choosing α and β such that these describe two adjacent
sides of a square in the tangent plane, whose center is x, and whose area is a
fraction of the total surface area 4π of the unit sphere.

Basically, pick two orthogonal unit vectors in the tangent plane in x, and then
scale them such that they span a quarter of the desired area. More formally,
first pick a random unit vector u where |u · V | 6= 1, i.e. where u is not parallel
to V . Then, using u to obtain the vectors in the tangent plane, α and β are
given by:

α =
1

2

√
4π

N
(V × u) (37)

β =
1

2

√
4π

N
(V × (V × u)) (38)

where N is the number of photon differentials emitted by the light source.

After emission, each photon differential is treated as a ray that is traced through
the scene until absorbed. This procedure is mostly similar to that of a normal
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photon as described in section 2.1.2, also using russian roulette, but with the
addition that (dP, dV ) is updated in each point of intersection Q. This is accom-
plished using the operations for transfer, reflection and refraction as described
in sections 3.1.2 through 3.1.4.

Updating (dP, dV ) is done in two steps. First the transfer operation is used to
transfer dP to the intersecting surface, yielding dQ. Then, based on the outcome
of the russian roulette selection scheme, dV is either reflected or refracted by
the intersecting surface, yielding either dWreflect or dWrefract.

When (dQ, dW ) has been found, then the photon differential is stored in the
photon map. More specifically, the photon map stores the photon differential
in the point of intersection Q, along with its radiant power Φpd, the incident di-
rection V , and its footprint on the tangential surface in the point of intersection
Q. The definition of the footprint is given in section 3.2.1.

Finally, (dQ, dW ) replaces (dP, dV ), i.e.:

dP ← dQ

dV ← dW

and the trace continues.

3.2.1 Footprint of photon differential in Q

The footprint of a photon differential on the tangential surface in an intersection
point Q is defined by the positional offsets of the two imaginary adjacent rays
described by (dQ, dW ). The positional offsets are given by the differential of Q
for each of the initial emission parameters α and β. Schjøth et al. [8] refer to
these offsets as the differential position vectors. Based on the definition of dx in
Equation 36, they can be obtained directly from the columns of dQ as follows:

[ dαQ dβQ ] = dQ (39)

where dαQ denotes the differential position vector of the first imaginary ray,
and dβQ denotes the differential position vector of the second. See Figure 9.

P v
x

Q

 

d Q

d Q

A
pd

Figure 9: Illustration of the footprint of a photon differential in Q after emission from a light source
in P followed by the initial trace to the first intersecting surface. Note the relationship between the
plane spanned by the differential position vectors dαQ and dβQ and the projected area Apd.
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Schjøth et al. [8] define the area Apd of the footprint as the area of the par-
allelogram spanned by the differential position vectors dαQ and dβQ. Under
the assumption that Q is the center of the photon differential on the tangential
surface, arguably the parallelogram should be spanned by 2dαQ and 2dβQ, and
offset by [ −dαQ − dβQ ]T , in order to respect Q as the center.

Thus, noting that the area of a parallelogram is the length of the cross product
of two of its adjacent sides, Apd is given by:

Apd = ‖ (2dαQ)× (2dβQ) ‖ (40)

As mentioned in section 3.2, the footprint (dαQ, dβQ) is stored in the photon
map alongside the other properties of a photon differential. This is in order
to make (dαQ, dβQ), and thereby also Apd, available to the redefined radiance
estimate, which is described in the following section.

3.3 Computing the reflected radiance

Schjøth et al. [8] redefine the radiance estimate such that it takes into account
the size and shape of the footprint (dαQ, dβQ) of each of the involved photon
differentials. In brief, the size of the footprint is used in the approximation of
the irradiance in the sampling point x, while the shape of the footprint is used
to define an anisotropic filter kernel centered around the point xpd where the
photon differential was stored in the photon map.

Recall from Equation 8 in section 2.2.1 that the reflected radiance is given by:

Lr(x, ω) =

∫
Ωx

fr(x, ω
′, ω)

d2Φi(x, ω
′)

dAi

As described in section 2.2.1, in the radiance estimate based on regular photons
it was necessary to approximate the projected area dAi by the projected area of
the sphere encompassing the k-nearest photons, simply because regular photons
do not have any size or shape.

Given a photon differential on the other hand, the area Apd of its footprint
(dαQ, dβQ) is a direct approximation of the projected area affected by its radiant
power Φpd. These quantities are related to the irradiance in the point xpd where
the photon differential was stored in the photon map, which prompts a different
solution to the above equation.

Jensen [5] defines the irradiance in some point x as the incident radiant power
Φi per unit projected area dAi:

E(x) =
dΦi(x)

dAi
(41)

Schjøth et al. [8] remark that by adding a directional dependency ω′ to the
incident radiant power Φi, the result is the irradiance in x due to the incident
radiant power from that particular direction:

E(x, ω′) =
dΦi(x, ω

′)

dAi
(42)
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and this is exactly what is provided by a photon differential for x = xpd, not-
ing that Φpd ≈ dΦ(xpd, ω

′) and Apd ≈ dAi. Substitution of this definition in
Equation 8 results in the following definition of the reflected radiance Lr:

Lr(x, ω) =

∫
Ωx

fr(x, ω
′, ω)dE(x, ω′) (43)

Under the assumption that x = xpd, the continuous integral in Equation 43 can
be approximated by the following sum over the k-nearest photons:

Lr(x, ω) ≈
k∑

pd=1

fr(x, ωpd, ω)∆E(xpd, ωpd)

=

k∑
pd=1

fr(x, ωpd, ω)
Φpd
Apd

(44)

Obviously, the above approximation becomes less and less accurate as x diverges
from xpd. Similar to the filtered radiance estimate in the standard photon
mapping algorithm, see Equation 11 in section 2.2.1, Schjøth et al. [8] choose
to weigh the contribution of each photon differential by its distance to the
sampling point x. However, instead of simply using the distance ‖xpd − x‖, the
contribution of a photon differential is based on a function of the vector from
xpd to x that takes into account the shape of the footprint.

The footprint (dαQ, dβQ) of the photon differential can be interpreted as two
axis of a skew ellipsoid that defines filter space with respect to world space.
Thus, the matrix Mpd that transforms from world space to filter space is given
by:

Mpd =

[
dαQ dβQ

dαQ× dβQ
‖dαQ× dβQ‖

]−1

(45)

By applying Mpd to the vector from the photon differential to the sampling
point, x − xpd, the result is a vector in anisotropic filter space, Mpd(x − xpd),
the length of which can be used as input to an isotropic filter kernel. Putting it
all together, the filtered radiance estimate for photon differentials is defined as:

Lr(x, ω) ≈
k∑

pd=1

fr(x, ωpd, ω)
Φpd
Apd

K(‖Mpd(x− xpd)‖) (46)

where K defines the filter kernel. Because the input to K is given with respect
to the anisotropic filter space defined by the footprint of the photon differential,
K essentially behaves like an anisotropic filter kernel defined by the footprint
of the photon differential.

Finally, Schjøth et al. [8] also specifically mention rejecting those of the k-
nearest photon differentials whose footprints do not overlap the sampling point
x, excluding these from the radiance estimate.

Note that this is a departure from the filtered radiance estimate in the standard
photon mapping algorithm, see Equation 11 in section 2.2.1, where all of the
k-nearest photons contribute to the reflected radiance in some capacity, though
far-away photons may contribute very little.
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4 Incorporating the view ray differential

With both standard photon mapping and photon mapping with photon differ-
entials, see sections 2 and 3, the rendering stage traditionally revolves around
tracing infinitesimal view rays from the viewpoint. For each intersection between
a view ray and a surface, the radiance estimate is based on just the intersection
point x, also sometimes referred to as the sampling point, and the view ray’s
incident direction ω.

However, like photons in the transition to photon differentials, a view ray can
also be interpreted as part of a ray bundle or beam. Specifically, because a finite
number of view rays are traced for each pixel in the final image, and because
each pixel spans an area on the view plane which has infinite resolution, each
view ray can also be interpreted as the center of a beam whose size and shape
changes as it propagates through the scene.

Consequently, a radiance estimate which is based on just the intersection point
x essentially assumes that the corresponding beam is very small, i.e. that a
large number of view rays are traced into the scene for every pixel in the final
image. Thus, the accuracy of the estimate can be improved by increasing the
number of view rays per pixel, but this is also quite costly in terms of required
rendering time since these are typically proportional.

Conversely, by taking into account the size and shape of the beam in each point
of intersection, it should be possible to improve the accuracy of the radiance
estimate without increasing the number of view rays per pixel, the resolution of
the photon map, or the number of evalauted photon differentials in each point
of intersection.

By associating each view ray with a ray differential, tracing the ray differential
alongside the view ray as it propagates through the scene, it is possible to
approximate the size and shape of the corresponding beam in each point of
intersection. I refer to the association of view rays and ray differentials as view
ray differentials. Similar to a photon differential, a view ray differential defines
the footprint of the beam in each point of intersection, and this footprint can
be taken into account in the radiance estimate.

For photon mapping with photon differentials, the inclusion of the footprint of
the view ray differential prompts the idea that the contribution of each photon
differential could be computed based on the intersection between the pair of
footprints, rather than just the filter space distance to the sampling point x.
Figure 10 on page 23 highlights three different scenarios, two of which should
benefit from taking into account the intersection between the involved footprints.

This section explores two different approaches which take into account the in-
tersection of the involved footprints. Both approaches define a new radiance
estimate based on the filtered radiance estimate for photon mapping with pho-
ton differentials, see section 3.3. As a precursor, the initialization of a view ray
differential is described in section 4.1.
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xpd
x

(a) The sampling point x lies within the pho-
ton differential’s range of influence, and the
footprint of the view ray differential is com-
paratively small.

xpdx

(b) The sampling point x lies outside the
photon differential’s range of influence, but
the intersection between the involved foot-
prints lies inside this range.

x = xpd

(c) The sampling point x lies in the center
of the photon differential, but the footprint
of the view ray differential also spans a much
larger area than the area of the intersection.

Figure 10: Three example scenarios of the footprint of a view ray differential overlapping the
footprint of a photon differential. In these examples the footprints are coplanar, but note that this
is just for the sake of the simplicity of the illustration. The footprint of the view ray differential
is illustrated by the ellipse at the end of the beam extending from the viewpoint, with x being
the sampling point, while the footprint of the photon differential is illustrated by the ellipse with
center in xpd. The filled grey area marks the intersection between them. In (a), the footprint of
the view ray differential is relatively small, and in this case the filtered radiance estimate based on
just the sampling point x is an acceptable approximation. However, observe how in (b), the filtered
radiance estimate based on just the sampling point x will result in zero contribution, despite part of
the beam represented by the view ray differential actually overlapping the photon differential’s range
of influence. Also observe how in (c), the filtered radiance estimate will result in full contribution,
despite the footprint of the photon differential covering only a fraction of the footprint of the view
ray differential, thus affecting only a fraction of the beam and therefore only a fraction of the pixel
in the final image.

The first approach, described in section 4.2, explores the possibility of approxi-
mating the coverage and centroid of the intersection based on a two-dimensional
reconstruction of the geometry of the involved footprints, using the coverage and
centroid of the intersection to redefine the contribution of a photon differential
in the radiance estimate.

The second approach, described in section 4.3, explores the possibility of multi-
sampling the photon differential, using the footprint of the view ray differential
to define the sample distribution, thus implicitly taking into account the inter-
section between the involved footprints.

4.1 Initialization of view ray differential

A view ray is a ray whose starting point P is the viewpoint, and whose direction
V describes a trajectory that intersects the view plane in some point x which
corresponds to the center of a pixel in the final image. Note that x in the
definition of V is not to be confused with the variable of the same name in the
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radiance estimate. Using the definition of V from Equation 12 in section 3.1:

V =
v

‖v‖

=
x− P
‖x− P‖

Similar to the initialization of a photon differential, section 3.2, assuming that
P is constant, the ray differential (dP, dV ) of a view ray differential is given by:

dP = 0

dV =
(vT v)I − vvT

(vT v)
3
2

dx

where dx is a 3×2 matrix whose columns describe the changes in x that govern
the initial change in V for each of two imaginary adjacent rays. Using α to
denote the vector parameter of the first imaginary ray, and β to denote the
vector parameter of the second imaginary ray, dx can be defined as:

dx = [ α β ] (47)

To choose α and β, observe that the view plane can be divided into segments,
where each segment corresponds to a pixel in the final image. For the view ray
differential to approximate a beam that occupies a full pixel in the final image,
α and β should be chosen such that they describe the world space extents of
the corresponding view plane segment. This is illustrated in Figure 11.

P
v x 



View plane, where each segment corresponds
to a pixel in the final image

sw

sh

uup

uright

Figure 11: Illustration of the vector parameters α and β in relation to the view plane segment with
center in x. Each segment on the view plane corresponds to a pixel in the final image, and α and
β should be chosen such that they cover the extents of the segment.

Given the world space width and height of a view plane segment, sw and sh,
as well as two unit vectors that describe the horizontal and vertical axis of the
view plane in world space, uright and uup, α and β can be written as follows:

α =
1

2
swuright (48)

β =
1

2
shuup (49)
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The process of tracing a view ray differential is similar to that of tracing a photon
differential. In each point of intersection Q, the ray differential (dP, dV ) is first
transferred, yielding dQ, and then either reflected or refracted, yielding dW .
The operations for transfer, reflection and refraction are described in sections
3.1.3 through 3.1.4.

Perhaps most importantly, the transferred differential position vectors dαQ and
dβQ describe the footprint of the view ray differential on the tangential surface
in each point of intersection Q, thus allowing the footprint of the view ray
differential to be taken into account in the radiance estimate, noting that x = Q
in the radiance estimate.

4.2 Coplanar intersection-weighted photon differentials

Given a view ray differential with footprint (dαQvd, dβQvd) in the sampling point
x, the surface normal nx in x, and the direction ω of the path towards the view-
point, the intersection with a photon differential with footprint (dαQpd, dβQpd)
in xpd can be approximated by the two-dimensional intersection between the
shapes inferred by the coplanar projections of the two footprints.

This section describes an approach which takes into account the intersection
between the involved footprints based two properties of their coplanar intersec-
tion. Specifically, the coplanar intersection can be used to obtain the photon
differential’s coverage of the view ray differential, as well as an approximation
of the centroid of the actual intersection, both of which are quantities that can
be used to refine the radiance estimate in terms of handling the scenarios shown
in Figure 10 on page 23.

4.2.1 Projection and rotation

Each footprint spans a completely arbitrary plane of some offset in space. Thus,
to be able to compute the coplanar intersection, the first step is to project them
onto a common plane. Because the goal is to compute the visible intersection
between the involved footprints, the direction of the projection is given by ω,
which is the direction of the first leg of the path towards the viewpoint for the
current view ray.

In principle, given ω as the direction of projection, any plane that intersects ω
may be chosen as the plane onto which both footprints are projected. However,
because more than one photon differential will likely be considered for each view
ray differential, it makes sense to let the footprint of the view ray differential
define the common plane of projection. This way, the projection of the view ray
differential is already given, and the plane of projection remains the same for
each of the considered photon differentials.

Thus, noting that x is a point in the plane spanned by the footprint of the view
ray differential, and that nx is its surface normal, the projection g of some point
p along ω is given by:

g(p) = p− ω
(
nx · (p− x)

nx · ω

)
(50)
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Applying g to the position xpd of the photon differential yields its projected
position x′pd:

x′pd = g(xpd) (51)

The projected footprint (dαQ
′
pd, dβQ

′
pd), illustrated in Figure 12, is obtained by

projecting the corresponding translations of the original position xpd and then
subtracting the projected position x′pd:

dαQ
′
pd = g(xpd + dαQpd)− x′pd (52)

dβQ
′
pd = g(xpd + dβQpd)− x′pd (53)

z



Footprint of photon differential
to be projected along 

Plane of projection

x

xpd

Q'pdd 

Qpdd 

Qpdd 

Q'pdd 

Qvdd 

Qvdd 

x'pd

Figure 12: Illustrates the projection of the footprint and position of a photon differential,
(dαQpd, dβQpd) and xpd, onto the plane of projection as defined by the footprint of the view
ray differential, (dαQvd, dβQvd). The direction of the projection is given by ω, and the result is
the projected footprint and projected position of the photon differential, (dαQpd, dβQpd) and x′pd.

Computing the intersection between two shapes in the same plane is essentially
a two-dimensional problem. However, because the orientation of the plane of
projection is arbitrary, it cannot be treated as a two-dimensional problem until
the plane is aligned with two axis of the root coordinate system, essentially
removing the influence of the third. Aligning the plane with two axis is synony-
mous with performing a rotation such that the surface normal becomes parallel
with the third axis.

The matrix R that defines this transformation is given by two unit vectors in
the plane as well as its surface normal. More specifically, knowing that dαQvd
is a vector in the plane, R can be defined as:

R =

[
dαQvd
‖dαQvd‖

(
nx ×

dαQvd
‖dαQvd‖

)
nx

]T
(54)

Noting that R is defined by the transpose of three orthogonal axis, it should be
clear that R defines a rotation from the plane of projection and into the plane
spanned by the first and second axis of the root coordinate system.
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Then, using the position x of the view ray differential as the origin of rotation,
the projected and rotated position x′′pd of the photon differential is given by:

x′′pd = R(x′pd − x) + x (55)

The projected and rotated footprint of the photon differential is easier to com-
pute, since the differential position vectors can be interpreted as directions and
therefore do not require translation:

dαQ
′′
pd = RdαQ

′
pd (56)

dβQ
′′
pd = RdβQ

′
pd (57)

Because the footprint of the view ray differential already lies in the plane of
projection, the projected and rotated footprint of the view ray differential is
obtained simply by rotating the original footprint:

dαQ
′′
vd = RdαQvd (58)

dβQ
′′
vd = RdβQvd (59)

Finally, since the rotation occurs around x, which is also a point in the plane of
projection, the projected and rotated position x′′ of the view ray differential is:

x′′ = x (60)

Notice how, by letting the footprint of the view ray differential define the plane of
projection, R only needs to be computed once for each view ray differential. The
same is true for the projected and rotated footprint of the view ray differential.

4.2.2 Computing the intersection

Given the projected and rotated footprints (dαQ
′′
vd, dβQ

′′
vd) and (dαQ

′′
pd, dβQ

′′
pd)

and their offsets x′′ and x′′pd, the next step is to compute the intersection be-
tween the inferred two-dimensional shapes, noting that the third axis can be
disregarded since the rotated plane of projection is parallel to the plane spanned
by the first and second axis of the root coordinate system.

The shape of a footprint can be interpreted in a variety of ways. For example,
as mentioned in section 3.2.1, Schjøth et al. [8] describe the area of a footprint
as the area of a the parallelogram spanned by its differential position vectors.
Another interpretation is that of a skew ellipse, which is the two-dimensional
representation of the skew ellipsoid used in the definition of filter space in the
radiance estimate, see Equation 45 and Equation 46 in section 3.3.

How to compute the intersection between two shapes depends on how the shapes
are defined. For example, the intersection between two parallelograms can be
found by treating them as convex polygons and using a polygon clipping al-
gorithm. However, to analytically compute the intersection between two skew
ellipses is more complicated and a topic in its own right.
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Instead of defining specialized methods for computing the intersection between
specific types of shapes, observe that both types used by Schjøth et al. [8], the
paralellogram and the skew ellipse, are convex. In general, under the assump-
tion that the shapes of the two involved footprints are convex, the intersection
between them can be approximated by discretizing the shapes into convex poly-
gons and then computing the intersection between these convex polygons.

As such, the intersection computation is generalized to the intersection between
convex polygons of any number of vertices, and it is the chosen discretization of
the shapes of the footprints that define how these are interpreted. The following
describes how to obtain the two-dimensional vertices of a convex polygon for
either a parallelogram or a skew ellipse in the plane of projection.

Parallelogram Given a projected and rotated footprint (dαQ
′′, dβQ

′′), the
N = 4 vertices of a convex polygon C describing a parallelogram in the
plane of projection are given by:

p1 = dαQ
′′ + dβQ

′′

p2 = −dαQ′′ + dβQ
′′

p3 = −dαQ′′ − dβQ′′

p4 = dαQ
′′ − dβQ′′ (61)

Skew ellipse Generating the N vertices (p1, . . . , pN ) of a convex polygon C
approximating a skew ellipse is possible by selecting N points on the unit
circle with respect to the first two axis of the projected and rotated foot-
print (dαQ

′′, dβQ
′′). More formally, the i’th vertex is given by:

pi =

[
dαQ

′′
1 dβQ

′′
1

dαQ
′′
2 dβQ

′′
2

][
cos
(
(i− 1) 2π

N

)
sin
(
(i− 1) 2π

N

) ] (62)

where i ∈ [1, 2, . . . , N ]. Note that, by selecting the vertices such that they
have uniform distribution on the unit circle, the resolution of the resulting
ellipse is greatest in regions with high curvature.

A variety of methods exist for computing the intersection between two con-
vex polygons. One such method is the classic polygon clipping algorithm by
Sutherland and Hodgman [10], which, given two polygons, one describing a
convex clip frame and one describing the subject, yields the vertices of a third
polygon which describes the subject within the clip frame. For two convex
polygons, the clip frame and the subject are interchangeable, and the result is
always a third convex polygon describing the intersection between them. The
Sutherland-Hodgman algorithm is described in further detail by Foley et al. [2].

Using Cvd and Cpd to denote the convex polygons describing the footprints of the
view ray differential and the photon differential, respectively, the intersection
between them can be computed by applying the Sutherland-Hodgman algorithm
with the parameters in any order. The result is a third convex polygon Cvd∩pd
that describes the two-dimensional intersection between the two footprints in
the rotated plane of projection.
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4.2.3 Coverage and centroid

Using pi to denote the i’th vertex of a convex planar polygon C, the area of the
polygon C can be found by using the formula for the area of a planar polygon:

AC =

∣∣∣∣∣12
N−1∑
i=1

pi1p
i+1
2 − pi+1

1 pi2

∣∣∣∣∣ (63)

Given the convex polygons that describe the footprint of the view ray differential
as well as its intersection with the photon differential, Cvd and Cvd∩pd, the
coverage of the photon differential, i.e. the fraction that the photon differential
covers of the view ray differential, can be expressed as follows:

wvd∩pd =
ACvd∩pd
ACvd

(64)

The coverage of the photon differential can be employed directly as a weight in
the radiance estimate to handle scenarios like the one shown in Figure 10(c) on
page 23, where the view ray differential encompasses an area larger than its in-
tersection with the photon differential, and therefore the photon differential only
contributes to a fraction of the beam represented by the view ray differential.

Another useful property is the centroid of the intersection in the rotated plane
of projection. This is a point which can be obtained by averaging the positions
of the vertices of the convex polygon Cvd∩pd describing the intersection, i.e.:

xCvd∩pd =
1

N

N∑
i=1

pi (65)

The centroid in the rotated plane of projection can be used to approximate the
centroid of the actual three-dimensional intersection between the two footprints.
In turn, the centroid of the three-dimensional intersection can be used to handle
the scenario shown in Figure 10(b) on page 23, where the sampling point x lies
outside the photon differential’s range of influence while the centroid of the
intersection does not.

To approximate the centroid of the three-dimensional intersection, first express
the centroid xCvd∩pd of the two-dimensional intersection as a linear combination
of the first two axis of the projected and rotated footprint of the view ray
differential, making sure the third component is zero, and then treat it as a
linear combination of the three axis of the original footprint of the view ray
differential to obtain a point in the root coordinate system. More formally, the
centroid of the three-dimensional intersection can be approximated as follows:

xvd∩pd ≈ x+
[
dαQvd dβQvd nx

]

[

(dαQ
′′
vd)1 (dβQ

′′
vd)1

(dαQ
′′
vd)2 (dβQ

′′
vd)2

]−1
0

0

0 0 0


(
xCvd∩pd − x′′

)
(66)
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By replacing the sampling point x with xvd∩pd in the input to the filter kernel K,
the radiance estimate will effectively weigh each photon differential by its filter
space distance to the centroid of the intersection with the view ray differential,
rather than just the filter space distance to the sampling point x, which may lie
outside the photon differential’s range of influence, as shown in Figure 10(b).

Notice how one could also have chosen to approximate xvd∩pd by expressing
xCvd∩pd with respect to the footprint of the photon differential. However, be-
cause the two-dimensional intersection is just an approximation based on the
projection of either footprint along ω, this could potentially result in a point
outside the footprint of the view ray differential. Conversely, by choosing to
express xCvd∩pd with respect to the footprint of the view ray differential, the
approximation of the three-dimensional intersection may not always fall within
range of the photon differential, but in worst case this just results in zero con-
tribution, which is no worse than if the sampling point x is outside the range of
influence.

4.2.4 Computing the reflected radiance

Using the definitions of coverage wvd∩pd and approximate centroid of intersec-
tion xvd∩pd from the previous section, the filtered radiance estimate defined by
Schjøth et al. [8], see section 3.3, can be refined as follows:

Lr(x, ω) ≈
k∑

pd=1

fr(x, ωpd, ω)
Φpd
Apd

K(‖Mpd(xvd∩pd − xpd)‖)wvd∩pd (67)

In the above definition of the radiance estimate, each photon differential is
weighed according to the filter space distance to the approximate centroid xvd∩pd
of the intersection between the involved footprints, rather than according to the
filter space distance to the sampling point x. Also, the filtered contribution
of a photon differential is scaled by the fraction that the intersection covers of
the view ray differential. These refinements handle the scenarios illustrated in
Figure 10(b) and Figure 10(c), respectively.

Because both the coverage and the centroid are properties derived from the
coplanar intersection between the involved footprints, I refer to this approach
as coplanar intersection-weighted photon differentials.

4.3 Multi-sampled photon differentials

Section 4.2 described an approach, in which the intersection between the in-
volved footprints was computed explicitly, using the coverage and centroid of
the intersection to refine the radiance estimate. However, it is also possible to
take into account the intersection implicitly.

This section describes a different approach, in which the footprint of the view
ray differential is used to define a set of sampling points used to multi-sample
the photon differential, thereby implicitly taking into account the intersection
between them. This approach can also be regarded as a direct approximation
of simply tracing more view rays per pixel.
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4.3.1 Generating the sampling points

Given the footprint of the view ray differential, any point in the same plane
can be expressed as a linear combination of the differential position vectors
dαQvd and dβQvd, and the surface normal nx of the tangential surface in the
intersection point x.

Using s and t to describe the offsets along dαQvd and dβQvd, respectively, the
definition of a sampling point for the current view ray differential can be written:

xs,t = x+
[
dαQvd dβQvd nx

] s

t

0

 (68)

The offsets s and t for the generated set of points can be chosen in infinitely
many ways, but in general they should be chosen such that the set of points
approximates the shape of the footprint of the view ray differential. Obviously,
this depends on how the shape of the footprint of the view ray differential is
interpreted, as well as the desired number of sampling points. For simplicity,
the remainder of this section will interpret the shape of the footprint of the view
ray differential as that of a parallelogram.

Using a parallelogram to define the shape of a footprint, the offsets for the set
of sampling points can be defined using an N ×N grid, where N is the desired
number of indices along each side of the parallelogram. Specifically, the offsets
s and t specified for grid element i, j can be defined as:

si,j = = −1 + (i− 1)

(
2

N − 1

)
(69)

ti,j = = −1 + (j − 1)

(
2

N − 1

)
(70)

where i, j ∈ [1 . . . N ] and N ≥ 2. By iterating over the elements of the grid and
applying the offsets to Equation 68, the result is a set of sampling points that
outline the parallelogram, also filling its interior if N ≥ 3. Figure 13 illustrates
the sample distribution using a 3× 3 grid.

x0,0x0,-1

Qvdd 

Qvdd 

x0,1

x1,1x1,0x1,-1

x-1,1x-1,0x-1,-1

Figure 13: The distribution of the generated sampling points using a 3 × 3 grid for the parallel-
ogram spanned by dαQvd and dαQvd. In this example, the set X of sampling points is given by
{ x−1,−1 , x−1,0 , x−1,1 , x0,−1 , x0,0 , x0,1 , x1,−1 , x1,0 , x1,1 }.

Note that a slight inflexibility of using a grid-based distribution is the number
of generated sampling points, which is always N squared. Since N ≥ 2, this
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means that the minimum number of sampling points is 4. This not an issue
in practice, however, since at least 4 sampling points are necessary regardless,
in order to define a symmetric distribution that represents more than just a
straight line.

4.3.2 Computing the reflected radiance

Given a set X of sampling points distributed in the plane spanned by the
footprint of the view ray differential, the filtered radiance estimate defined by
Schjøth et al. [8], see section 3.3, can be refined as follows:

Lr(x, ω) ≈
k∑

pd=1

fr(x, ωpd, ω)
Φpd
Apd

 1

N2

N2∑
i=1

K(‖Mpd(Xi − xpd)‖)

 (71)

where N2 is the number of sampling points in the set, and where Xi denotes
the i’th sampling point from the set.

In the above definition of the radiance estimate, each photon differential is
weighed by multi-sampling the filter kernel K, one sample for each of the sam-
pling points in the set X, using the average of the results to determine the
contribution with respect to the sample distribution.

Because the sample distribution approximates the shape of the footprint of the
view ray differential, and because the filter space transformation Mpd is based
on the footprint of the photon differential, see Figure 14, the above definition of
the radiance estimate implicitly takes into account the intersection between the
involved footprints, and inherently handles the two scenarios shown in Figure
10(b) and Figure 10(c), both on page 23.

xpd

Figure 14: Illustration of the intersection between a set of sampling points and the skew ellipsoid
that represents the world space boundaries of filter space for a given photon differential. The filter
space transformation Mpd is based on the footprint of the photon differential, and a more formal
definition is given in section 3.3. In this example, the red dots denote sampling points that lie
outside the photon differential’s range of influence, which therefore receive zero contribution, while
the green dots denote sampling points that lie inside the range of influence. Note that the sampling
points do not have to be coplanar with the footprint of the photon differential, and that this is
simply the case in this example for the simplicity of the illustration.

Finally, because the filter kernel K is multi-sampled in filter space, and because
filter space is defined individually for each photon differential, I refer to this
approach as multi-sampled photon differentials.

In section 5, both multi-sampled photon differentials and coplanar intersection-
weighted photon differentials will be evaluated in comparison to the filtered
radiance estimate, which both approaches strive to improve.
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5 Implementation and evaluation

Section 4 explores and defines two different approaches to incorporating the view
ray differential in the radiance estimate, namely coplanar intersection-weighted
photon differentials and multi-sampled photon differentials.

Both methods were defined based on the hypothesis that, by taking into account
the view ray differential, it should be possible to surpass the accuracy of the
regular filtered radiance estimate, defined by Schjøth et al. [8] and described in
section 3.3, without increasing the number of view rays per pixel, the resolution
of the photon map, or the number of gathered photon differentials in each point
of intersection.

In this section, a number of comparisons are made to determine whether the
above hypothesis holds true for either of the two new methods. Specifically, a
number of comparisons are made between images produced using the regular
filtered radiance estimate and images produced using each of the two new meth-
ods, in order to determine if either of the two new methods produce images that
represent a more accurate result.

To avoid relying on a subjective measure for the comparisons, it is necessary to
define what constitutes a more accurate – a better – result.

As discussed in section 4, the accuracy of the regular filtered radiance estimate
increases with the number of view rays per pixel. Thus, with the baseline being
the regular filtered radiance estimate with one view ray per pixel, a better
result can be defined as an image that approximates the image produced using
the regular filtered radiance estimate with more than one view ray per pixel.

Notice how this measure of success requires that the chosen test case clearly
shows the discrepancy between the images produced using the regular filtered
radiance estimate with one and more than one view ray per pixel, respectively.

With the purpose of being able to apply the new methods and the regular filtered
radiance estimate to the exact same test case, using the same parameters for the
photon map as well as the same distribution for the stored photon differentials,
I chose to implement the two new methods in an existing rendering framework,
which already contains a working reference implementation of photon mapping
with photon differentials written by Jeppe Revall Frisvad, who is one of the
co-authors of the paper on photon differentials by Schjøth et al. [8].

The framework itself is written in C++ and consists of several classes that
define camera, scene graph, loading a scene from disk, ray tracing operations,
building the photon map, finding the k-nearest photons, and so forth. My
implementation consists of the following additions to the framework:

• A new rendering class, which associates each view ray with a ray differ-
ential, and which parameterizes the radiance estimate by exposing it as a
function parameter.

• Two functors that implement the methods described in section 4, each of
which can then be passed as an argument to the new rendering class.
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• Because ray propagation during the rendering stage is handled by the
shaders for the surface materials along a given path, my implementation
also extends a selection of the shaders in the framework to support the
propagation of a ray differential alongside the original view ray.

The source code to the implementation can be found in Appendix A.

Prior to defining the test case and carrying out the actual comparisons, it is
important to note that the rendering framework also implements the practical
optimizations discussed in section 2.2.2.

Most importantly, during the photon tracing stage the photon differentials are
stored in two seperate photon maps. One of them is the caustic photon map,
which stores caustic photon differentials, and the other is the global photon
map, which stores the rest. Caustic photon differentials are photon differentials
whose first intersection with the scene was with a specular surface.

Furthermore, during rendering it is possible to select a shader that results in
only the caustic photon differentials being considered in the radiance estimate.
The result is an image in which only the caustic photon differentials apply
light to the surfaces in the scene. Because caustics have a tendency to form
well defined contours, considering only the caustic photon differentials results
in high contrast between lit and unlit surfaces in the resulting image.

This is quite useful in terms of the evaluation, since it makes differences in the
results easier to discern. For this reason, I chose to base my comparisons on
renders where only the caustic photon differentials are taken into consideration
in the radiance estimate.

To summarize the plan for determining whether either of the two new methods
produce better results than the regular filtered radiance estimate:

• Comparisons will be made between a number of images based on a common
test case.

• Specifically, the images produced using the two new methods will be com-
pared to the images produced using the regular filtered radiance estimate.

• The measure of success is the image produced using the regular filtered
radiance estimate with more than one view ray per pixel.

The performance of the two new methods is evaluated in section 5.2. Using
the rendering times obtained when generating the images for the test case, the
performance evaluation provides the basis for a discussion of whether either of
the two new methods are usable in practice.

5.1 Image comparisons

For the common test case I chose a scene which consists of a reflective metal
ring placed on a planar diffuse surface. A render of this scene is shown in Figure
15 on page 35. Using 100000 and 20000 as the thresholds for emission of global
and caustic photon differentials, respectively, 100036 photons differentials were
stored in the global photon map, while 4978 photon differentials were stored in
the caustic photon map.
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Figure 15: A render of the scene that constitutes the common test case. The ring is a specular
surface which reflects the incoming light onto the planar diffuse surface beneath it, thus forming a
caustic that is visible both in the planar surface beneath the ring, and in the reflective surface of
the inner band of the ring.

As shown in Figure 15, the chosen scene exhibits a caustic with a clearly defined
contour. A clearly defined contour is prone to undersampling artefacts as a result
of tracing too few view rays per pixel, or not taking into account the view ray
differential, and this is what makes this particular scene a good test case. Note
that the caustic photon differentials are all located on the planar surface, but
because the inner band of the ring is reflective, and because the view rays are
reflected onto the planar surface, the caustic is also visible in the inner band of
the ring.

In the comparisons that follow, the regular filtered radiance estimate is referred
to as the regular method. I chose the regular method with 3× 3 view rays per
pixel as the measure of success. By the end of this section, it should be clear
that this is an acceptable choice, due to the visible discrepancy between the
images produced using the regular method with one and 3 × 3 view rays per
pixel, respectively.

The two new methods use just one view ray per pixel, but on the other hand they
depend on the initial configuration of the view ray differential. The initialization
of the view ray differential such that it overlaps a single pixel on the viewport
is described in section 4.1, and I use this configuration in the comparison.

For coplanar intersection-weighted photon differentials, there are no additional
parameters. For multi-sampled photon differentials, however, the results will
depend on the number of generated sampling points. As described in section
4.3.1, the number of generated sampling points is given by N ×N , where N is
a parameter of the method. To avoid undersampling, I chose a relatively high
number of sampling points, i.e. N = 8.

With the method-specific parameters in place, the four different methods to
be used in the comparison are: The regular method, the regular method with
3 × 3 view rays per pixel, the coplanar intersection-weighted method, and the
multi-sampled method with 8× 8 sampling points.
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To make it easier to discern the differences between the resulting images, the
scene is rendered using only the photon differentials from the caustic photon
map as input to each method.

Figure 16 shows the images produced by each of the four methods when ren-
dering the scene using only the caustic photon differentials. For each method,
the maximum number of photon differentials to be considered in each point of
intersection is set to 50, i.e. k = 50.

(a) Regular, 1× 1 view rays/pixel (b) Regular, 3× 3 view rays/pixel

(c) Coplanar intersection-weighted (d) Multi-sampled, 8× 8 sampling points

Figure 16: The images produced using each of the four methods when considering only the caustic
photon differentials. Without magnification it can be difficult to identify the differences between
them. The most notable differences appear in the clearly defined contours of the caustic, and Figure
17 on page 37 illustrates these more clearly by enlarging the region containing these contours.

At a first glance, the resulting images in Figure 16 appear to be mostly identical.
However, this is not true, but some magnification is necessary in order to visually
identify the differences between them.

With the purpose of illustrating the differences more clearly, knowing that the
most notable differences appear in the contours of the caustic that is visible
in and near the inner band of the ring, I enlarge the results and crop them to
the region which contains just these contours of the caustic. The enlarged and
cropped results are shown in Figure 17 on page 37.
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(a) Regular, 1× 1 view rays/pixel (b) Regular, 3× 3 view rays/pixel

(c) Coplanar intersection-weighted (d) Multi-sampled, 8× 8 sampling points

Figure 17: Enlarged and cropped results based on the images shown in Figure 16 on page 36. These
images illustrate the quality of the clearly defined contours of the caustic as rendered using each of
the four methods.

From the results in Figure 17 it is possible to make several observations:

1. First of all, the image produced by the regular method with one view ray
per pixel, see Figure 17(a), exhibits noticeable undersampling artefacts
along the contour of the caustic. This is expected, and underlines the
need to either trace more view rays per pixel or take into account the
view ray differential.

2. When comparing the images produced using the regular method with one
and 3× 3 view rays per pixel, Figure 17(a) and Figure 17(b), it is imme-
diately apparent that the regular method with 3 × 3 view rays per pixel
produces a smoother contour with much fewer aliasing artefacts. This
is also expected, and validates the choice of treating the regular method
using 3× 3 view rays per pixel as the measure of success.

3. Comparing the image produced using the coplanar intersection-weighted
method, Figure 17(c), to the images produced using both instances of
the regular method, Figure 17(a) and Figure 17(b), it should be quite
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clear, based on the contour of the caustic, that the coplanar intersection-
weighted method results in at least some improvement over the regular
method.

4. More specifically, using the coplanar intersection-weighted method, many
of the undersampling artefacts exhibited by the regular method with one
view ray per pixel, see Figure 17(a), are eliminated, and as a result the
contour itself is more continuous, thus approximating the smooth contour
of the regular method with 3× 3 view rays per pixel, Figure 17(b).

5. Unfortunately, the coplanar intersection-weighted method also introduces
some new artefacts. Looking at the left region of Figure 17(c), notice the
three black dots near the upper part of the caustic. These specific artefacts
are a result of not being able to compute the inverse of the submatrix in
Equation 66 in section 4.2, thereby causing the method to abort. In the
framework used for my implementation, computing the inverse of a 2× 2
matrix relies on the determinant, and when the determinant is too small,
then the function that computes the inverse throws an error. In other
words, when the area of the footprint of the view ray differential is too
small, then the framework does not allow the computation of the inverse
of the submatrix in Equation 66 in section 4.2.

6. Comparing the image produced using the multi-sampled method, Figure
17(d), to the images produced using both instances of the regular method,
Figure 17(a) and Figure 17(b), observe how the multi-sampled method,
quite simply, produces a result which is completely superior to that of the
regular method with one view ray per pixel.

7. In fact, the contour in Figure 17(d) is even smoother and more contin-
uous than the contour in Figure 17(b), while still being equally well-
defined. This implies that, in terms of rendering caustics, the multi-
sampled method actually produces better results than the regular method
with 3× 3 view rays per pixel. In other words, the multi-sampled method
both reaches and surpasses the measure of success for this evaluation.

Based on these observations, I can conclude that both new methods, namely
coplanar intersection-weighted photon differentials and multi-sampled photon
differentials, are capable of producing better results than the regular method
with one view ray per pixel. This is because they both approximate the results
produced by the regular method with 3× 3 view rays per pixel.

For coplanar intersection-weighted photon differentials, note that the results
can only be considered marginally better based on the current implementation.
As mentioned in observation 5, this is due to the fact that a few new artefacts
are introduced in the resulting image, simply because the matrix library in the
rendering framework does not allow computing the inverse of 2×2 matrices with
a very small determinant. This limitation is obviously meant as a precaution
against numerical error, which is a valid concern. In principle, however, the
problem can be fixed by replacing the built-in function for the 2× 2 inverse.

For multi-sampled photon differentials with 8 × 8 sampling points, the results
are very good, and as mentioned in observation 7, this method actually produces
better results than the regular method with 3× 3 view rays per pixel.
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However, when using multi-sampled photon differentials, one should also note
that choosing a relatively high number of sampling points is essential to ob-
taining stable results. The effects of varying the number of sampling points are
shown in Figure 18.

(a) Multi-sampled, 2× 2 sampling points (b) Multi-sampled, 4× 4 sampling points

(c) Multi-sampled, 8× 8 sampling points (d) Multi-sampled, 16× 16 sampling points

Figure 18: The results produced using multi-sampled photon differntials for different choices N , i.e.
varying the number of sampling points. Notice the artefacts in (a) and (b), where N < 8, and how
the result changes very little in the jump from N = 8 (c) to N = 16 (d).

To understand why artefacts appear in certain regions when the number of
sampling points is low, recall from section 3.3 that the raw irradiance of a
photon differential is its radiant power divided by the area of its footprint. As
such, when sampling a photon differential whose area is very small, the resulting
contribution has the potential to be very large, depending on the filter space
distance to the sampling point.

With multi-sampled photon differentials, the contribution of a photon differen-
tial is always an average of the contribution measured for each of the N × N
sampling points. If the contribution for one sampling point is very large, and the
number of sampling points is relatively low, then the contribution will still be
noticable even after averaging the results. As shown in Figure 18, the method
becomes stable at N = 8 as used in the evaluation.

39



5.2 Performance discussion

To evaluate the performance of the two new methods in comparison to both
configurations of the regular filtered radiance estimate, I compare the rendering
times obtained for each of the four methods when rendering the images shown
in Figure 16 on page 36. Table 1 shows the results.

Method Rendering time in seconds

Regular, 1× 1 view rays/pixel 20.637

Regular, 3× 3 view rays/pixel 183.255

Coplanar intersection-weighted 380.045

Multi-sampled, 8× 8 sampling points 63.671

Table 1: Time in seconds for the four methods to render the images shown in Figure 16 on page 36.

From Table 1 it is easy to make the following observations:

1. Increasing the number of view rays per pixel results in a nearly linear
increase in rendering time.

2. Using coplanar intersection-weighted photon differentials, the rendering
time is about 19 times longer than when using the regular filtered radiance
estimate with one view ray per pixel, and more than 2 times longer than
when using the filtered radiance estimate with 3× 3 view rays per pixel.

3. Using multi-sampled photon differentials with 8× 8 sampling points, the
rendering time is about 3 times longer than when using the regular filter
radiance estimate with one view ray per pixel. However, the rendering
time is also about 3 times shorter than when using the regular filtered
radiance estimate with 3× 3 times per pixel.

For coplanar intersection-weighted photon differentials, the long rendering time,
combined with the results of the image comparison in section 5.1, is reason
enough to disqualify this particular method for practical purposes, at least in
its current implementation. More specifically, because the method does not
rival the accuracy of the regular filtered radiance estimate with 3× 3 view rays
per pixel, although it is an acceptable approximation, and because it is slower,
there is no reason to actually use it in practice, unless the rendering time can
be more than halved through optimizations.

To identify what causes the huge gap in performance for coplanar intersection-
weighted photon differentials, I examined the code using a freeware profiler
known as Sleepy1. Essentially, Sleepy identifies how much time is spent in each
part of the code based on a number of process samples taken over time. Figure
19 on page 41 shows the result of profiling the rendering process while rendering
an image using coplanar intersection-weighted photon differentials.

Using my current implementation of coplanar intersection-weighted photon dif-
ferentials, it is clear from from Figure 19 that approximately 91.5% of the

1http://www.codersnotes.com/sleepy
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Figure 19: The result of using Sleepy to profile the rendering process during rendering using coplanar
intersection-weighted photon differentials. Notice how approximately 91.5% of the rendering time
is spent in get intersection.

time is spent in the function get intersection, which returns the intersec-
tion between the convex polygons describing the involved footprints. In turn,
get intersection relies on the intersection function in the boost geometry
library to compute the intersection.

Considering the fact that boost geometry library supports more than just con-
vex polygons, it is possible that the use of their intersection function adds a
significant amount of overhead in comparison to a case-specific implementation
of Sutherland-Hodgman, for example. Unfortunately, it is not possible to esti-
mate the potential gain of replacing the intersection function of boost geometry
with a different algorithm, since the documentation of this function does not
specify which underlying algorithm is used for a particular set of inputs.

For multi-sampled photon differentials, however, the rendering times are very
acceptable. With 8 × 8 sampling points, recall from section 5.1 that multi-
sampled photon differentials actually surpasses the results produced using the
regular radiance estimate with 3 × 3 view rays per pixel. Thus, considering
the rendering times in Table 1 on page 40, multi-sampled photon differentials
provide a real and practical alternative to tracing more view rays per pixel.

Though not strictly necessary considering the results, it should also be possible
to optimize the implementation of multi-sampled photon differentials. Specifi-
cally, instead of applying the filter space transformation Mpd to the translation
of each sampling point such as done in Equation 71, Mpd could enter the defini-
tion of a sampling point, see Equation 68, in order to express the sampling points
directly with respect to the footprint of the view ray differential in filter space.
This would result in not having having to perform a matrix multiplication for
each sampling point, potentially increasing the speed of the method.
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6 Conclusion

In the introductory chapters of this report, I have introduced the basics of pho-
ton mapping, going into moderate detail with both stages of the basic algorithm,
as well as described the concepts and theory of photon mapping with photon
differentials, including the general theory of ray diffentials. Regarding the the-
ory of ray differentials, I have also derived the necessary operations for tracing
a ray differential alongside a ray that propagates through the scene.

Based on the hypothesis that the accuracy of the radiance estimate can be
improved by also taking into account the footprint of the view ray differential,
I have explored two different approaches to incorporating the footprint of the
view ray differential in the filtered radiance estimate, defined by Schjøth et al
[8], for photon mapping with photon differentials.

This has led to two new methods for computing the reflected radiance, one
which explicitly computes the intersection between the coplanar footprints, and
one which uses the footprint of the view ray differential to multi-sample the
photon differential. I have named these methods coplanar intersection-weighted
photon differentials and multi-sampled photon differentials, respectively.

In order to determine whether the hypothesis holds true for either of the two new
methods, I implemented both of them in an existing rendering framework, which
already provided an implementation of photon mapping with photon differen-
tials, including the regular filtered radiance estimate. Using this framework, I
applied each method to a common test case and then compared the results.

By letting the results of the regular filtered radiance estimate with 3 × 3 view
rays per pixel define the direction of the measure of success, I found that both
new methods produce more accurate results than the filtered radiance estimate
with one view ray per pixel, and that one of them is superior.

Using coplanar intersection-weighted photon differentials, the results are slightly
better than the regular filtered radiance estimate, but unfortunately the required
rendering time is also much too high in comparison. By profiling the method, I
found that the culprit of the low performance is the intersection computation,
which accounts for approximately 91.5% of the rendering time. As a result, this
method is not very useful in practice without further optimization.

Using multi-sampled photon differentials, the results are much better than those
of the regular filtered radiance estimate. In fact, with 8 × 8 sampling points,
the resulting images clearly rival the images produced using the regular filtered
radiance estimate with 3× 3 view rays per pixel. In terms of performance, the
method requires more time to render an image than the regular filtered radiance
estimate with one view ray per pixel. However, even with 8×8 sampling points,
it is three times faster than the regular filtered radiance estimate with 3 × 3
view rays per pixel.

I can conclude that, while coplanar intersection-weighted photon differentials
falls a bit short, multi-sampled photon differentials present a practical and rela-
tively fast alternative to tracing more view rays per pixel. With 8× 8 sampling
points, the results of the method clearly rival those of the regular filtered radi-
ance estimate with 3× 3 view rays per pixel, and it is also three times faster.
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A Source code

The files ViewDiffTracer.h through ViewDiffMethodMS.cpp contain the new
classes that define the view ray differential enabled renderer, as well as the two
methods described in section 4. The rest of the files, starting with Shader.h,
contain shader classes, which have been extended to support the propagation of
a ray differential along with the original view ray.
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ViewDiffMethod.h . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
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ViewDiffMethodCC.cpp . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

ViewDiffMethodMS.h . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
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Shader.h . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

PhotonCaustics.h . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

PhotonCaustics.cpp . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

PhotonLambertian.h . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

PhotonLambertian.cpp . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

Transparent.h . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

Transparent.cpp . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

Mirror.h . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

Mirror.cpp . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

Metal.h . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

Metal.cpp . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

ViewDiffTracer.h

1 /∗ ViewDif fTracer . h
2
3 Lasse Jon Fuglsang Pedersen <fuglsang@diku . dk>
4 14−10−2011
5
6 ∗/
7
8 # i f n d e f VIEWDIFFTRACER H
9 # d e f i n e VIEWDIFFTRACER H

10
11 # i n c l u d e " D i f f e r e n t i a l T r a c e r . h "

12 # i n c l u d e " V i e w D i f f M e t h o d . h "

13
14 c l a s s V i e w D i f f T r a c e r : p u b l i c D i f f e r e n t i a l T r a c e r

15 {
16 p r i v a t e :
17 V i e w D i f f M e t h o d c o n s t & f ;
18
19 p u b l i c :
20 V i e w D i f f T r a c e r (
21 u n s i g n e d i n t w , u n s i g n e d i n t h , S c e n e ∗ s ,
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22 u n s i g n e d i n t m a x _ n o _ o f _ p a r t i c l e s , f l o a t d i f f _ s m o o t h i n g = 10.0 f ,
23 u n s i g n e d i n t p i x e l _ s u b d i v s = 1 ,
24 V i e w D i f f M e t h o d c o n s t & f = V i e w D i f f M e t h o d ( ) )
25 :
26 D i f f e r e n t i a l T r a c e r ( w , h , s , m a x _ n o _ o f _ p a r t i c l e s , d i f f _ s m o o t h i n g ,
27 p i x e l _ s u b d i v s ) , f ( f )
28 {
29 }
30
31 /∗
32 modi f ied ve r s i on o f compute pixel , which a s s o c i a t e s each view ray with
33 a ray d i f f e r e n t i a l , pass ing both to the s e l e c t e d shader f o r the f i r s t
34 i n t e r s e c t i on , which then takes care o f any fu r th e r propagat ion
35 ( based on l i n e s 165 through 189 o f Par t i c l eTrace r . cpp )
36 ∗/
37 C G L A : : V e c 3 f c o m p u t e _ p i x e l ( u n s i g n e d i n t x , u n s i g n e d i n t y ) c o n s t ;
38
39 /∗
40 needed f o r t r a c ing ray d i f f e r e n t i a l s through d i f f u s e r e f l e c t i o n s
41 ( based on l i n e s 331 through 337 o f D i f f e r e n t i a lT r a c e r . cpp )
42 ∗/
43 b o o l t r a c e _ c o s i n e _ w e i g h t e d ( G e o m e t r y : : R a y c o n s t & in , G e o m e t r y : : R a y & o u t ,
44 R a y D i f f & d r ) c o n s t ;
45
46 /∗
47 est imate i r r ad i an c e o f photon d i f f e r e n t i a l s in given photon map
48 ∗/
49 C G L A : : V e c 3 f i r r a d i a n c e ( P h o t o n D i f f M a p c o n s t & m a p , G e o m e t r y : : R a y c o n s t & r ,
50 R a y D i f f c o n s t & dr , f l o a t m a x _ d i s t a n c e , i n t n o _ o f _ p a r t i c l e s ) c o n s t ;
51
52 /∗
53 est imate i r r ad i an c e o f c au s t i c photon d i f f e r e n t i a l s
54 ∗/
55 C G L A : : V e c 3 f c a u s t i c s _ i r r a d i a n c e ( G e o m e t r y : : R a y c o n s t & r ,
56 R a y D i f f c o n s t & dr , f l o a t m a x _ d i s t a n c e , i n t n o _ o f _ p a r t i c l e s ) c o n s t ;
57
58 /∗
59 est imate i r r ad i an c e o f g l oba l photon d i f f e r e n t i a l s
60 ∗/
61 C G L A : : V e c 3 f g l o b a l _ i r r a d i a n c e ( G e o m e t r y : : R a y c o n s t & r ,
62 R a y D i f f c o n s t & dr , f l o a t m a x _ d i s t a n c e , i n t n o _ o f _ p a r t i c l e s ) c o n s t ;
63 } ;
64
65 # e n d i f // VIEWDIFFTRACER H

ViewDiffTracer.cpp

1 /∗ ViewDif fTracer . cpp
2
3 Lasse Jon Fuglsang Pedersen <fuglsang@diku . dk>
4 14−10−2011
5
6 ∗/
7
8 # i n c l u d e " V i e w D i f f T r a c e r . h "

9 # i n c l u d e " s a m p l e r . h "

10
11 C G L A : : V e c 3 f V i e w D i f f T r a c e r : : c o m p u t e _ p i x e l ( u n s i g n e d i n t x , u n s i g n e d i n t y ) c o n s t

12 {
13 C G L A : : V e c 3 f r e s u l t ( 0 . 0 ) ;
14
15 C G L A : : V e c 2 f v p _ p o s = C G L A : : V e c 2 f ( x , y )∗ w i n _ t o _ v p − l o w e r _ l e f t ;
16 C G L A : : V e c 2 f v p _ p o s _ d u = C G L A : : V e c 2 f ( x +0.5 , y )∗ w i n _ t o _ v p − l o w e r _ l e f t ;
17 C G L A : : V e c 2 f v p _ p o s _ d v = C G L A : : V e c 2 f ( x , y +0.5)∗ w i n _ t o _ v p − l o w e r _ l e f t ;
18 C G L A : : V e c 2 f v p _ p o s _ j i t ;
19
20 G e o m e t r y : : R a y r ;
21 R a y D i f f d r ;
22
23 f o r ( u n s i g n e d i n t k y = 0; k y < s u b d i v s ; k y++)
24 {
25 f o r ( u n s i g n e d i n t k x = 0; k x < s u b d i v s ; k x++)
26 {
27 v p _ p o s _ j i t = v p _ p o s + j i t t e r [ k y ∗ s u b d i v s + k x ] ;
28 r = s c e n e−>g e t _ c a m e r a ( )−>g e t _ r a y ( v p _ p o s _ j i t ) ;
29
30 d r . d p o s = D i f f e r e n t i a l ( 0 . 0 f , 0 .0 f ) ;
31 d r . d d i r = D i f f e r e n t i a l ( 0 . 0 f , 0 .0 f ) ;
32
33 v p _ p o s _ j i t = v p _ p o s _ d u + j i t t e r [ k y ∗ s u b d i v s + k x ] ;
34 d r . d d i r . d u = s c e n e−>g e t _ c a m e r a ( )−>g e t _ r a y _ d i r ( v p _ p o s _ j i t ) ;
35 d r . d d i r . d u = n o r m a l i z e ( d r . d d i r . d u ) − r . d i r e c t i o n ;
36
37 v p _ p o s _ j i t = v p _ p o s _ d v + j i t t e r [ k y ∗ s u b d i v s + k x ] ;
38 d r . d d i r . d v = s c e n e−>g e t _ c a m e r a ( )−>g e t _ r a y _ d i r ( v p _ p o s _ j i t ) ;
39 d r . d d i r . d v = n o r m a l i z e ( d r . d d i r . d v ) − r . d i r e c t i o n ;
40
41 i f ( s c e n e−>i n t e r s e c t ( r ) )
42 {
43 d r . t r a n s f e r ( r ) ;
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44
45 S h a d e r c o n s t ∗ s = g e t _ s h a d e r ( r ) ;
46 i f ( s )
47 r e s u l t += s−>s h a d e ( r , d r ) ;
48 i f ( r e n d e r _ t e x . h a s _ t e x t u r e ( ) )
49 {
50 C G L A : : V e c 2 f p i x e l _ p o s = v p _ p o s + l o w e r _ l e f t ;
51 r e s u l t += r e n d e r _ t e x . s a m p l e _ n e a r e s t (
52 p i x e l _ p o s [ 0 ] , 1 .0 f − p i x e l _ p o s [ 1 ]
53 ) ;
54 }
55 }
56 e l s e

57 {
58 r e s u l t += g e t _ b a c k g r o u n d ( r . d i r e c t i o n ) ;
59 }
60 }
61 }
62
63 r e t u r n r e s u l t / s t a t i c _ c a s t <d o u b l e >( s u b d i v s ∗ s u b d i v s ) ;
64 }
65
66 b o o l V i e w D i f f T r a c e r : : t r a c e _ c o s i n e _ w e i g h t e d ( G e o m e t r y : : R a y c o n s t & in ,
67 G e o m e t r y : : R a y & o u t ,
68 R a y D i f f & d r ) c o n s t

69 {
70 s t a t i c c o n s t d o u b l e M _ 2 S Q R T 2 = 2.0∗ s q r t ( 2 . 0 ) ;
71
72 C G L A : : V e c 3 f d = s a m p l e _ c o s i n e _ w e i g h t e d ( i n . h i t _ n o r m a l ) ;
73 C G L A : : Q u a t f q ;
74
75 q . m a k e _ r o t ( d , i n . d i r e c t i o n ) ;
76 d r . d d i r . d u = q . a p p l y _ u n i t ( d r . d d i r . d u ) ;
77 d r . d d i r . d v = q . a p p l y _ u n i t ( d r . d d i r . d v ) ;
78 d r . d p o s ∗= M _ 2 S Q R T 2 ;
79
80 o u t . o r i g i n = i n . h i t _ p o s ;
81 o u t . d i r e c t i o n = d ;
82 o u t . t r a c e _ d e p t h = i n . t r a c e _ d e p t h + 1;
83 o u t . d i d _ h i t _ d i f f u s e = i n . d i d _ h i t _ d i f f u s e ;
84
85 r e t u r n t r a c e ( o u t , d r ) ;
86 }
87
88 C G L A : : V e c 3 f V i e w D i f f T r a c e r : : i r r a d i a n c e ( P h o t o n D i f f M a p c o n s t & m a p ,
89 G e o m e t r y : : R a y c o n s t & r ,
90 R a y D i f f c o n s t & dr ,
91 f l o a t m a x _ d i s t a n c e ,
92 i n t n o _ o f _ p a r t i c l e s ) c o n s t

93 {
94 N e a r e s t P h o t o n s <P h o t o n D i f f > n p ;
95
96 f l o a t v d _ r a d i u s 2 = s t d : : m a x (
97 C G L A : : s q r _ l e n g t h ( d r . d p o s . d u ) ,
98 C G L A : : s q r _ l e n g t h ( d r . d p o s . d v )
99 ) ;

100
101 n p . d i s t 2 = ( f l o a t ∗) a l l o c a ( s i z e o f ( f l o a t ) ∗ ( n o _ o f _ p a r t i c l e s +1) ) ;
102 n p . i n d e x = ( c o n s t P h o t o n D i f f ∗∗)
103 a l l o c a ( s i z e o f ( P h o t o n D i f f ∗) ∗ ( n o _ o f _ p a r t i c l e s +1) ) ;
104 n p . p o s [ 0 ] = r . h i t _ p o s [ 0 ] ;
105 n p . p o s [ 1 ] = r . h i t _ p o s [ 1 ] ;
106 n p . p o s [ 2 ] = r . h i t _ p o s [ 2 ] ;
107 n p . m a x = n o _ o f _ p a r t i c l e s ; // k
108 n p . f o u n d = 0;
109 n p . g o t _ h e a p = 0;
110 n p . d i s t 2 [ 0 ] = v d _ r a d i u s 2 + m a p . g e t _ l o n g e s t _ d p o s ( ) ;
111
112 m a p . l o c a t e _ p h o t o n s (& np , 1) ;
113
114 r e t u r n f ( np , m a p , r , d r ) ;
115 }
116
117 C G L A : : V e c 3 f V i e w D i f f T r a c e r : : c a u s t i c s _ i r r a d i a n c e ( G e o m e t r y : : R a y c o n s t & r ,
118 R a y D i f f c o n s t & dr ,
119 f l o a t m a x _ d i s t a n c e ,
120 i n t n o _ o f _ p a r t i c l e s ) c o n s t

121 {
122 r e t u r n i r r a d i a n c e ( c a u s t i c _ d i f f s , r , dr , m a x _ d i s t a n c e , n o _ o f _ p a r t i c l e s ) ;
123 }
124
125 C G L A : : V e c 3 f V i e w D i f f T r a c e r : : g l o b a l _ i r r a d i a n c e ( G e o m e t r y : : R a y c o n s t & r ,
126 R a y D i f f c o n s t & dr ,
127 f l o a t m a x _ d i s t a n c e ,
128 i n t n o _ o f _ p a r t i c l e s ) c o n s t

129 {
130 r e t u r n i r r a d i a n c e ( g l o b a l _ d i f f s , r , dr , m a x _ d i s t a n c e , n o _ o f _ p a r t i c l e s ) ;
131 }

ViewDiffMethod.h
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1 /∗ ViewDiffMethod . h
2
3 Lasse Jon Fuglsang Pedersen <fuglsang@diku . dk>
4 14−10−2011
5
6 ∗/
7
8 # i f n d e f VIEWDIFFMETHOD H
9 # d e f i n e VIEWDIFFMETHOD H

10
11 # i n c l u d e " C G L A / V e c 3 f . h "

12 # i n c l u d e " G e o m e t r y / R a y . h "

13 # i n c l u d e " P h o t o n D i f f . h "

14
15 c l a s s V i e w D i f f M e t h o d

16 {
17 p u b l i c :
18 /∗
19 operator ( ) in the der ived c l a s s should est imate the cont r ibu t i on o f
20 the k−neare s t photon d i f f e r e n t i a l s ’ np ’ from the photon map ’map ’ ,
21 given a ray ’ r ’ with a s s o c i a t ed ray d i f f e r e n t i a l ’ dr ’
22 ∗/
23 v i r t u a l C G L A : : V e c 3 f o p e r a t o r ( ) (
24 N e a r e s t P h o t o n s <P h o t o n D i f f > c o n s t & np , P h o t o n D i f f M a p c o n s t & m a p ,
25 G e o m e t r y : : R a y c o n s t & r , R a y D i f f c o n s t & d r ) c o n s t

26 {
27 r e t u r n C G L A : : V e c 3 f ( 0 . 0 ) ;
28 }
29 } ;
30
31 # e n d i f // VIEWDIFFMETHOD H

ViewDiffMethodCC.h

1 /∗ ViewDiffMethodCC . h
2
3 Lasse Jon Fuglsang Pedersen <fuglsang@diku . dk>
4 14−10−2011
5
6 ∗/
7
8 # i f n d e f VIEWDIFFMETHODCC H
9 # d e f i n e VIEWDIFFMETHODCC H

10
11 # i n c l u d e " V i e w D i f f M e t h o d . h "

12
13 c l a s s V i e w D i f f M e t h o d C C : p u b l i c V i e w D i f f M e t h o d

14 {
15 p u b l i c :
16 C G L A : : V e c 3 f o p e r a t o r ( ) (
17 N e a r e s t P h o t o n s <P h o t o n D i f f > c o n s t & np , P h o t o n D i f f M a p c o n s t & m a p ,
18 G e o m e t r y : : R a y c o n s t & r , R a y D i f f c o n s t & d r ) c o n s t ;
19 } ;
20
21 # e n d i f // VIEWDIFFMETHODCC H

ViewDiffMethodCC.cpp

1 /∗ ViewDiffMethodCC . cpp
2
3 Lasse Jon Fuglsang Pedersen <fuglsang@diku . dk>
4 14−10−2011
5
6 ∗/
7
8 # i n c l u d e " V i e w D i f f M e t h o d C C . h "

9 # i n c l u d e " C G L A / V e c 2 f . h "

10 # i n c l u d e " C G L A / M a t 2 x 2 f . h "

11 # i n c l u d e " C G L A / M a t 3 x 3 f . h "

12 # i n c l u d e " b o o s t / g e o m e t r y . h p p "

13 # i n c l u d e " b o o s t / g e o m e t r y / g e o m e t r i e s / p o i n t _ x y . h p p "

14 # i n c l u d e " b o o s t / g e o m e t r y / g e o m e t r i e s / p o l y g o n . h p p "

15 # i n c l u d e " b o o s t / f o r e a c h . h p p "

16
17 t y p e d e f b o o s t : : g e o m e t r y : : m o d e l : : d 2 : : p o i n t _ x y<f l o a t> P o i n t 2 D ;
18 t y p e d e f b o o s t : : g e o m e t r y : : m o d e l : : r i n g<P o i n t 2 D , f a l s e> P o l y g o n 2 D ;
19
20 /∗
21 p r o j e c t s a point ’p ’ onto the plane o f p r o j e c t i on de f ined by the t angen t i a l
22 su r f a c e in the point o f i n t e r s e c t i o n f o r the current view ray ’ r ’ , us ing
23 the d i r e c t i o n o f the view ray as the d i r e c t i o n o f p r o j e c t i on
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24 ∗/
25 C G L A : : V e c 3 f p r o j e c t ( G e o m e t r y : : R a y c o n s t & r , C G L A : : V e c 3 f c o n s t & p )
26 {
27 C G L A : : V e c 3 f x = r . h i t _ p o s ;
28 C G L A : : V e c 3 f n = r . h i t _ n o r m a l ;
29 C G L A : : V e c 3 f o m e g a = −C G L A : : n o r m a l i z e ( r . d i r e c t i o n ) ;
30
31 r e t u r n ( p − o m e g a ∗ ( C G L A : : d o t ( n , p − x ) / C G L A : : d o t ( n , o m e g a ) ) ) ;
32 }
33
34 /∗
35 p r o j e c t s the d i f f e r e n t i a l p o s i t i on vec to r s o f a f o o t p r i n t ’d ’ onto the
36 plane o f p ro j e c t i on , a l s o given i t s po s i t i on ’p ’ and pro j e c t ed po s i t i on
37 ’ p pro j ’
38 ∗/
39 D i f f e r e n t i a l p r o j e c t ( G e o m e t r y : : R a y c o n s t & r , D i f f e r e n t i a l c o n s t & d ,
40 C G L A : : V e c 3 f c o n s t & p , C G L A : : V e c 3 f c o n s t & p _ p r o j )
41 {
42 D i f f e r e n t i a l d _ p r o j ;
43
44 d _ p r o j . d u = p r o j e c t ( r , p + d . d u ) − p _ p r o j ;
45 d _ p r o j . d v = p r o j e c t ( r , p + d . d v ) − p _ p r o j ;
46
47 r e t u r n d _ p r o j ;
48 }
49
50 /∗
51 cons t ruc t s a matrix that d e f i n e s a r o t a t i on from the plane o f p r o j e c t i on
52 de f ined by the current view ray ’ r ’ and a f o o t p r i n t ’d ’ , and into a plane
53 p a r a l l e l to the x− and y−ax i s o f the root coord inate frame
54 ∗/
55 C G L A : : M a t 3 x 3 f g e t _ r o t a t i o n ( G e o m e t r y : : R a y c o n s t & r , D i f f e r e n t i a l c o n s t & d )
56 {
57 C G L A : : V e c 3 f d u = C G L A : : n o r m a l i z e ( d . d u ) ;
58 /∗
59 note that the params o f the Mat3x3f cons t ruc to r are the rows o f the
60 matrix , which means that the returned matrix == RˆT ( see s e c t i on 4 . 2 )
61 ∗/
62 r e t u r n C G L A : : M a t 3 x 3 f ( du , C G L A : : c r o s s ( r . h i t _ n o r m a l , d u ) , r . h i t _ n o r m a l ) ;
63 }
64
65 /∗
66 app l i e s a r o t a t i on ’R ’ to a point ’p ’ , us ing ’ x ’ as the cente r o f r o t a t i on
67 ∗/
68 C G L A : : V e c 3 f r o t a t e ( C G L A : : M a t 3 x 3 f c o n s t & R , C G L A : : V e c 3 f c o n s t & p ,
69 C G L A : : V e c 3 f c o n s t & x )
70 {
71 r e t u r n R ∗( p − x ) + x ;
72 }
73
74 /∗
75 app l i e s a r o t a t i on ’R ’ to a f o o t p r i n t ’d ’
76 ∗/
77 D i f f e r e n t i a l r o t a t e ( C G L A : : M a t 3 x 3 f c o n s t & R , D i f f e r e n t i a l c o n s t & d )
78 {
79 r e t u r n D i f f e r e n t i a l ( R∗ d . du , R∗ d . d v ) ;
80 }
81
82 /∗
83 cons t ruc t s a 2d para l l e l og ram from a pro j e c t ed and rotated f o o t p r i n t
84 ’ d pro j ’ and i t s p ro j e c t ed po s i t i on ’ p pro j ’ , assuming p r i o r r o t a t i on o f
85 both parameters in to a plane p a r a l l e l to the x− and y−ax i s o f the root
86 coord inate system s in c e the th i rd component i s ignored
87 ∗/
88 P o l y g o n 2 D g e t _ p a r a l l e l o g r a m ( D i f f e r e n t i a l c o n s t & d _ p r o j ,
89 C G L A : : V e c 3 f c o n s t & p _ p r o j )
90 {
91 P o l y g o n 2 D C ;
92 C G L A : : V e c 3 f q 1 ;
93 C G L A : : V e c 3 f q 2 ;
94 C G L A : : V e c 3 f q 3 ;
95 C G L A : : V e c 3 f q 4 ;
96
97 /∗
98 v e r t i c e s must be added in counter−c l ockwi s e order so we have to check
99 the determinant o f the 2d d i f f e r e n t i a l p o s i t i on vec to r s to dec ide the

100 primary ax i s
101 ∗/
102 i f ( d _ p r o j . d u [ 0 ] ∗ d _ p r o j . d v [ 1 ] −
103 d _ p r o j . d v [ 0 ] ∗ d _ p r o j . d u [ 1 ] < 0 . 0 )
104 {
105 // negat ive => ccw using dv as primary ax i s
106 q 1 = p _ p r o j + d _ p r o j . d v + d _ p r o j . d u ;
107 q 2 = p _ p r o j − d _ p r o j . d v + d _ p r o j . d u ;
108 q 3 = p _ p r o j − d _ p r o j . d v − d _ p r o j . d u ;
109 q 4 = p _ p r o j + d _ p r o j . d v − d _ p r o j . d u ;
110 }
111 e l s e

112 {
113 // po s i t i v e => ccw using du as primary ax i s
114 q 1 = p _ p r o j + d _ p r o j . d u + d _ p r o j . d v ;
115 q 2 = p _ p r o j − d _ p r o j . d u + d _ p r o j . d v ;
116 q 3 = p _ p r o j − d _ p r o j . d u − d _ p r o j . d v ;
117 q 4 = p _ p r o j + d _ p r o j . d u − d _ p r o j . d v ;
118 }
119
120 b o o s t : : g e o m e t r y : : a p p e n d ( C , P o i n t 2 D ( q 1 [ 0 ] , q 1 [ 1 ] ) ) ;
121 b o o s t : : g e o m e t r y : : a p p e n d ( C , P o i n t 2 D ( q 2 [ 0 ] , q 2 [ 1 ] ) ) ;
122 b o o s t : : g e o m e t r y : : a p p e n d ( C , P o i n t 2 D ( q 3 [ 0 ] , q 3 [ 1 ] ) ) ;
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123 b o o s t : : g e o m e t r y : : a p p e n d ( C , P o i n t 2 D ( q 4 [ 0 ] , q 4 [ 1 ] ) ) ;
124 b o o s t : : g e o m e t r y : : a p p e n d ( C , P o i n t 2 D ( q 1 [ 0 ] , q 1 [ 1 ] ) ) ;
125
126 r e t u r n C ;
127 }
128
129 /∗
130 cons t ruc t s a 2d skew e l l i p s e from a pro j e c t ed f o o t p r i n t ’ d pro j ’ and i t s
131 pro j e c t ed po s i t i on ’ p pro j ’ , us ing the s p e c i f i e d number o f v e r t i c e s
132 ’ num vert ices ’ ( d e f au l t s to 20) , and assuming p r i o r r o t a t i on o f both
133 parameters in to 2d as the th i rd component i s ignored
134 ∗/
135 P o l y g o n 2 D g e t _ s k e w _ e l l i p s e ( D i f f e r e n t i a l c o n s t & d _ p r o j ,
136 C G L A : : V e c 3 f c o n s t & p _ p r o j , i n t n u m _ v e r t i c e s = 20)
137 {
138 P o l y g o n 2 D C ;
139 C G L A : : M a t 2 x 2 f M _ s k e w _ e l l i p s e ;
140 C G L A : : V e c 2 f q ;
141 C G L A : : V e c 2 f q 0 ( p _ p r o j [ 0 ] , p _ p r o j [ 1 ] ) ;
142 f l o a t t ;
143
144 /∗
145 v e r t i c e s must be added in counter−c l ockwi s e order so we have to check
146 the determinant o f the 2d d i f f e r e n t i a l p o s i t i on vec to r s to dec ide the
147 primary ax i s
148 ∗/
149 i f ( d _ p r o j . d u [ 0 ] ∗ d _ p r o j . d v [ 1 ] −
150 d _ p r o j . d v [ 0 ] ∗ d _ p r o j . d u [ 1 ] < 0 . 0 )
151 {
152 // negat ive => ccw using dv as primary ax i s
153 M _ s k e w _ e l l i p s e = C G L A : : M a t 2 x 2 f (
154 C G L A : : V e c 2 f ( d _ p r o j . d v [ 0 ] , d _ p r o j . d u [ 0 ] ) ,
155 C G L A : : V e c 2 f ( d _ p r o j . d v [ 1 ] , d _ p r o j . d u [ 1 ] )
156 ) ;
157 }
158 e l s e

159 {
160 // po s i t i v e => ccw using du as primary ax i s
161 M _ s k e w _ e l l i p s e = C G L A : : M a t 2 x 2 f (
162 C G L A : : V e c 2 f ( d _ p r o j . d u [ 0 ] , d _ p r o j . d v [ 0 ] ) ,
163 C G L A : : V e c 2 f ( d _ p r o j . d u [ 1 ] , d _ p r o j . d v [ 1 ] )
164 ) ;
165 }
166
167 // sample po int s on unit c i r c l e , t rans forming them be fo r e appending them
168 f o r ( i n t i = 0; i < n u m _ v e r t i c e s ; i++)
169 {
170 t = (( f l o a t ) i / ( f l o a t ) n u m _ v e r t i c e s ) ∗ ( 2 . 0 ∗ M _ P I ) ;
171 q = q 0 + M _ s k e w _ e l l i p s e ∗ C G L A : : V e c 2 f ( c o s ( t ) , s i n ( t ) ) ;
172 b o o s t : : g e o m e t r y : : a p p e n d ( C , P o i n t 2 D ( q [ 0 ] , q [ 1 ] ) ) ;
173 }
174
175 t = 0 . 0 ;
176 q = q 0 + M _ s k e w _ e l l i p s e ∗ C G L A : : V e c 2 f ( c o s ( t ) , s i n ( t ) ) ;
177 b o o s t : : g e o m e t r y : : a p p e n d ( C , P o i n t 2 D ( q [ 0 ] , q [ 1 ] ) ) ;
178
179 r e t u r n C ;
180 }
181
182 /∗
183 compute the i n t e r s e c t i o n o f two convex 2d polygons us ing boost . geometry
184
185 because the polygons are guaranteed to be convex , i t should be noted that
186 us ing boost . geometry may be a suboptimal s o l u t i on due to the multi−purpose
187 nature o f t h i s p a r t i c u l a r l i b r a r y
188 ∗/
189 P o l y g o n 2 D g e t _ i n t e r s e c t i o n ( P o l y g o n 2 D c o n s t & C _ a , P o l y g o n 2 D c o n s t & C _ b )
190 {
191 s t d : : d e q u e<P o l y g o n 2 D > C _ q u e u e ;
192
193 b o o s t : : g e o m e t r y : : i n t e r s e c t i o n ( C _ a , C _ b , C _ q u e u e ) ;
194
195 i f ( C _ q u e u e . s i z e ( ) > 0)
196 r e t u r n C _ q u e u e . f r o n t ( ) ;
197 e l s e

198 r e t u r n P o l y g o n 2 D ( ) ;
199 }
200
201 /∗
202 compute the area o f a convex 2d polygon us ing boost . geometry
203 ∗/
204 f l o a t a r e a ( P o l y g o n 2 D c o n s t & C )
205 {
206 r e t u r n s t d : : a b s ( b o o s t : : g e o m e t r y : : a r e a ( C ) ) ;
207 }
208
209 C G L A : : V e c 3 f c e n t r o i d ( P o l y g o n 2 D c o n s t & C )
210 {
211 P o i n t 2 D c e n t r o i d = b o o s t : : g e o m e t r y : : r e t u r n _ c e n t r o i d <P o i n t 2 D , P o l y g o n 2 D >(C ) ;
212 r e t u r n C G L A : : V e c 3 f ( c e n t r o i d . x ( ) , c e n t r o i d . y ( ) , 0 . 0 ) ;
213 }
214
215 C G L A : : V e c 3 f V i e w D i f f M e t h o d C C : : o p e r a t o r ( ) ( N e a r e s t P h o t o n s <P h o t o n D i f f > c o n s t & np ,
216 P h o t o n D i f f M a p c o n s t & m a p ,
217 G e o m e t r y : : R a y c o n s t & r ,
218 R a y D i f f c o n s t & d r ) c o n s t

219 {
220 C G L A : : V e c 3 f i r r a d ( 0 . 0 f ) ;
221
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222 C G L A : : V e c 3 f x _ v d = r . h i t _ p o s ;
223 C G L A : : V e c 3 f n _ v d = r . h i t _ n o r m a l ;
224
225 C G L A : : M a t 3 x 3 f R _ v d = g e t _ r o t a t i o n ( r , d r . d p o s ) ;
226 D i f f e r e n t i a l d _ v d = r o t a t e ( R _ v d , d r . d p o s ) ;
227 P o l y g o n 2 D C _ v d = g e t _ p a r a l l e l o g r a m ( d _ v d , x _ v d ) ;
228 f l o a t A _ v d = a r e a ( C _ v d ) ;
229
230 C G L A : : V e c 3 f x _ p d ;
231 D i f f e r e n t i a l d _ p d ;
232 P o l y g o n 2 D C _ p d ;
233 f l o a t A _ p d ;
234 f l o a t w _ p d ;
235 C G L A : : M a t 3 x 3 f M _ p d ;
236
237 C G L A : : V e c 3 f x _ i s ;
238 P o l y g o n 2 D C _ i s ;
239 f l o a t A _ i s ;
240 f l o a t w _ i s ;
241 C G L A : : M a t 2 x 2 f M _ i s _ s u b ;
242 C G L A : : M a t 3 x 3 f M _ i s ;
243
244 // generate matrix that trans forms the cent ro id o f the i n t e r s e c t i o n in 2d
245 // in to 3d by expre s s ing the 2d cent ro id with r e spe c t to the ax i s o f the
246 // pro j e c t ed and rotated view ray d i f f e r e n t i a l , and then applying the ax i s
247 // o f the o r i g i n a l f o o t p r i n t ( see s e c t i on 4 . 2 . 3 f o r more in format ion )
248 t r y

249 {
250 M _ i s _ s u b = C G L A : : i n v e r t ( C G L A : : M a t 2 x 2 f (
251 C G L A : : V e c 2 f ( d _ v d . d u [ 0 ] , d _ v d . d v [ 0 ] ) ,
252 C G L A : : V e c 2 f ( d _ v d . d u [ 1 ] , d _ v d . d v [ 1 ] )
253 ) ) ;
254 }
255 c a t c h ( C G L A : : M a t 2 x 2 f E x c e p t i o n e )
256 {
257 r e t u r n C G L A : : V e c 3 f ( 0 . 0 ) ; // abort
258 }
259
260 M _ i s = C G L A : : M a t 3 x 3 f (
261 C G L A : : V e c 3 f ( d r . d p o s . d u [ 0 ] , d r . d p o s . d v [ 0 ] , n _ v d [ 0 ] ) ,
262 C G L A : : V e c 3 f ( d r . d p o s . d u [ 1 ] , d r . d p o s . d v [ 1 ] , n _ v d [ 1 ] ) ,
263 C G L A : : V e c 3 f ( d r . d p o s . d u [ 2 ] , d r . d p o s . d v [ 2 ] , n _ v d [ 2 ] )
264 ) ∗ C G L A : : M a t 3 x 3 f (
265 C G L A : : V e c 3 f ( M _ i s _ s u b [ 0 ] [ 0 ] , M _ i s _ s u b [ 0 ] [ 1 ] , 0 . 0 ) ,
266 C G L A : : V e c 3 f ( M _ i s _ s u b [ 1 ] [ 0 ] , M _ i s _ s u b [ 1 ] [ 1 ] , 0 . 0 ) ,
267 C G L A : : V e c 3 f ( 0 . 0 , 0 . 0 , 0 . 0 )
268 ) ;
269
270 // sum i r r ad i an c e o f k−neare s t photons
271 f o r ( i n t i = 1; i <= n p . f o u n d ; i++)
272 {
273 P h o t o n D i f f c o n s t ∗ p d = n p . i n d e x [ i ] ;
274
275 // sk ip i f not i n c i d en t on tangen t i a l s u r f a c e
276 i f ( d o t ( m a p . p h o t o n _ d i r ( p d ) , n _ v d ) <= 0.0 f )
277 c o n t i n u e ;
278
279 // compute area o f the f o o t p r i n t in l o c a l coo rd ina t e s
280 // ( based on l i n e 70 o f PhotonDiff . cpp )
281 A _ p d = c r o s s ( pd−>d p o s . du , pd−>d p o s . d v ) . l e n g t h ( ) ∗ M _ P I ;
282
283 // sk ip i f area i s very smal l
284 i f ( A _ p d < 1 .0 e−12f )
285 c o n t i n u e ;
286
287 // compute world space −> f i l t e r space t rans format ion
288 t r y

289 {
290 C G L A : : V e c 3 f c o n s t & d u _ p d = pd−>d p o s . d u ;
291 C G L A : : V e c 3 f c o n s t & d v _ p d = pd−>d p o s . d v ;
292
293 M _ p d = C G L A : : i n v e r t ( C G L A : : M a t 3 x 3 f (
294 C G L A : : V e c 3 f ( d u _ p d [ 0 ] , d v _ p d [ 0 ] , n _ v d [ 0 ] ) ,
295 C G L A : : V e c 3 f ( d u _ p d [ 1 ] , d v _ p d [ 1 ] , n _ v d [ 1 ] ) ,
296 C G L A : : V e c 3 f ( d u _ p d [ 2 ] , d v _ p d [ 2 ] , n _ v d [ 2 ] )
297 ) ) ;
298 }
299 c a t c h ( C G L A : : M a t 3 x 3 f S i n g u l a r e )
300 {
301 c o n t i n u e ;
302 }
303
304 // p ro j e c t
305 x _ p d = p r o j e c t ( r , pd−>p o s ) ; // pro j e c t ed po s i t i on
306 d _ p d = p r o j e c t ( r , pd−>d p o s , pd−>p o s , x _ p d ) ; // pro j e c t ed f o o t p r i n t
307
308 // ro ta t e in to 2d
309 x _ p d = r o t a t e ( R _ v d , x _ p d , x _ v d ) ;
310 d _ p d = r o t a t e ( R _ v d , d _ p d ) ;
311
312 // r e con s t ruc t geometry
313 C _ p d = g e t _ p a r a l l e l o g r a m ( d _ p d , x _ p d ) ;
314
315 // compute coplanar i n t e r s e c t i o n
316 C _ i s = g e t _ i n t e r s e c t i o n ( C _ v d , C _ p d ) ;
317 A _ i s = a r e a ( C _ i s ) ;
318
319 // sk ip i f area o f i n t e r s e c t i o n i s zero
320 i f ( A _ i s <= 0 .0 )
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321 c o n t i n u e ;
322
323 // compute coverage o f coplanar i n t e r s e c t i o n
324 w _ i s = A _ i s / A _ v d ;
325
326 // approximate cent ro id o f ac tua l i n t e r s e c t i o n
327 x _ i s = x _ v d + M _ i s ∗ ( c e n t r o i d ( C _ i s ) − x _ v d ) ;
328
329 // compute sampling point in f i l t e r space
330 C G L A : : V e c 3 f x _ i s _ f i l t e r = M _ p d ∗ ( x _ i s − pd−>p o s ) ;
331
332 // compute squared d i s tance in f i l t e r space
333 f l o a t x _ i s _ f i l t e r _ d i s t 2 = C G L A : : s q r _ l e n g t h ( x _ i s _ f i l t e r ) ;
334
335 // sk ip i f out s ide range o f i n f l u en c e
336 i f ( x _ i s _ f i l t e r _ d i s t 2 > 1 .0 f | | C G L A : : i s n a n ( x _ i s _ f i l t e r _ d i s t 2 ) )
337 c o n t i n u e ;
338
339 // use the Silverman kerne l ( same as PhotonDiff . cpp l i n e 92)
340 w _ p d = C G L A : : s q r ( 1 . 0 f − x _ i s _ f i l t e r _ d i s t 2 ) ;
341
342 // compute i r r ad i an c e
343 i r r a d += ( pd−>p o w e r / A _ p d ) ∗ w _ p d ∗ w _ i s ;
344 }
345
346 // done
347 r e t u r n ( 3 . 0 ∗ i r r a d ) ;
348 }

ViewDiffMethodMS.h

1 /∗ ViewDiffMethodMS . h
2
3 Lasse Jon Fuglsang Pedersen <fuglsang@diku . dk>
4 14−10−2011
5
6 ∗/
7
8 # i f n d e f VIEWDIFFMETHODMS H
9 # d e f i n e VIEWDIFFMETHODMS H

10
11 # i n c l u d e " V i e w D i f f M e t h o d . h "

12
13 c l a s s V i e w D i f f M e t h o d M S : p u b l i c V i e w D i f f M e t h o d

14 {
15 p r i v a t e :
16 u n s i g n e d i n t N ;
17 f l o a t N _ s t e p ;
18 C G L A : : V e c 3 f ∗ X ;
19
20 p u b l i c :
21 V i e w D i f f M e t h o d M S ( u n s i g n e d i n t s q r t _ n u m _ s a m p l e s = 3) ;
22
23 C G L A : : V e c 3 f o p e r a t o r ( ) (
24 N e a r e s t P h o t o n s <P h o t o n D i f f > c o n s t & np , P h o t o n D i f f M a p c o n s t & m a p ,
25 G e o m e t r y : : R a y c o n s t & r , R a y D i f f c o n s t & d r ) c o n s t ;
26 } ;
27
28 # e n d i f // VIEWDIFFMETHODMS H

ViewDiffMethodCC.cpp

1 /∗ ViewDiffMethodMS . cpp
2
3 Lasse Jon Fuglsang Pedersen <fuglsang@diku . dk>
4 14−10−2011
5
6 ∗/
7
8 # i n c l u d e " V i e w D i f f M e t h o d M S . h "

9 # i n c l u d e " C G L A / M a t 3 x 3 f . h "

10
11 V i e w D i f f M e t h o d M S : : V i e w D i f f M e t h o d M S ( u n s i g n e d i n t s q r t _ n u m _ s a m p l e s )
12 {
13 N = s t d : : m a x ( s t a t i c _ c a s t <u n s i g n e d i n t >(2) , s q r t _ n u m _ s a m p l e s ) ;
14 N _ s t e p = 2.0 / s t a t i c _ c a s t <f l o a t >(N − 1) ;
15 X = n e w C G L A : : V e c 3 f [ N ∗ N ] ;
16 }
17
18 C G L A : : V e c 3 f V i e w D i f f M e t h o d M S : : o p e r a t o r ( ) ( N e a r e s t P h o t o n s <P h o t o n D i f f > c o n s t & np ,
19 P h o t o n D i f f M a p c o n s t & m a p ,
20 G e o m e t r y : : R a y c o n s t & r ,
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21 R a y D i f f c o n s t & d r ) c o n s t

22 {
23 C G L A : : V e c 3 f i r r a d ( 0 . 0 f ) ;
24
25 C G L A : : V e c 3 f x _ v d = r . h i t _ p o s ;
26 C G L A : : V e c 3 f n _ v d = r . h i t _ n o r m a l ;
27 C G L A : : M a t 3 x 3 f M _ v d ;
28
29 f l o a t A _ p d ;
30 C G L A : : M a t 3 x 3 f M _ p d ;
31 f l o a t w _ p d = 0 . 0 ;
32
33 // generate sampling po int s
34 M _ v d = C G L A : : M a t 3 x 3 f (
35 C G L A : : V e c 3 f ( d r . d p o s . d u [ 0 ] , d r . d p o s . d v [ 0 ] , n _ v d [ 0 ] ) ,
36 C G L A : : V e c 3 f ( d r . d p o s . d u [ 1 ] , d r . d p o s . d v [ 1 ] , n _ v d [ 1 ] ) ,
37 C G L A : : V e c 3 f ( d r . d p o s . d u [ 2 ] , d r . d p o s . d v [ 2 ] , n _ v d [ 2 ] )
38 ) ;
39
40 f o r ( u n s i g n e d i n t i = 0; i < N ; i++)
41 {
42 f o r ( u n s i g n e d i n t j = 0; j < N ; j++)
43 {
44 f l o a t s = s t a t i c _ c a s t <f l o a t >(i ) ∗ N _ s t e p − 1 . 0 ;
45 f l o a t t = s t a t i c _ c a s t <f l o a t >(j ) ∗ N _ s t e p − 1 . 0 ;
46
47 X [ i∗ N + j ] = x _ v d + M _ v d ∗ C G L A : : V e c 3 f ( s , t , 0 . 0 ) ;
48 }
49 }
50
51 // sum i r r ad i an c e o f k−neare s t photons
52 f o r ( i n t i = 1; i <= n p . f o u n d ; i++)
53 {
54 P h o t o n D i f f c o n s t ∗ p d = n p . i n d e x [ i ] ;
55
56 // sk ip i f not i n c i d en t on tangen t i a l s u r f a c e
57 i f ( d o t ( m a p . p h o t o n _ d i r ( p d ) , n _ v d ) <= 0.0 f )
58 c o n t i n u e ;
59
60 // compute area o f the f o o t p r i n t in l o c a l coo rd ina t e s
61 // ( based on l i n e 70 o f PhotonDiff . cpp )
62 A _ p d = c r o s s ( pd−>d p o s . du , pd−>d p o s . d v ) . l e n g t h ( ) ∗ M _ P I ;
63
64 // sk ip i f area i s very smal l
65 i f ( A _ p d < 1 .0 e−12f )
66 c o n t i n u e ;
67
68 // compute world space −> f i l t e r space t rans format ion
69 t r y

70 {
71 C G L A : : V e c 3 f c o n s t & d u _ p d = pd−>d p o s . d u ;
72 C G L A : : V e c 3 f c o n s t & d v _ p d = pd−>d p o s . d v ;
73
74 M _ p d = C G L A : : i n v e r t ( C G L A : : M a t 3 x 3 f (
75 C G L A : : V e c 3 f ( d u _ p d [ 0 ] , d v _ p d [ 0 ] , n _ v d [ 0 ] ) ,
76 C G L A : : V e c 3 f ( d u _ p d [ 1 ] , d v _ p d [ 1 ] , n _ v d [ 1 ] ) ,
77 C G L A : : V e c 3 f ( d u _ p d [ 2 ] , d v _ p d [ 2 ] , n _ v d [ 2 ] )
78 ) ) ;
79 }
80 c a t c h ( C G L A : : M a t 3 x 3 f S i n g u l a r e )
81 {
82 c o n t i n u e ;
83 }
84
85 // loop over sampling po int s
86 f o r ( u n s i g n e d i n t j = 0; j < N ∗ N ; j++)
87 {
88 // compute sampling point in f i l t e r space
89 C G L A : : V e c 3 f x _ s t _ f i l t e r = M _ p d ∗ ( X [ j ] − pd−>p o s ) ;
90
91 // compute squared d i s tance in f i l t e r space
92 f l o a t x _ s t _ f i l t e r _ d i s t 2 = C G L A : : s q r _ l e n g t h ( x _ s t _ f i l t e r ) ;
93
94 // sk ip i f out s ide range o f i n f l u en c e
95 i f ( x _ s t _ f i l t e r _ d i s t 2 > 1 .0 f | | C G L A : : i s n a n ( x _ s t _ f i l t e r _ d i s t 2 ) )
96 c o n t i n u e ;
97
98 // use the Silverman kerne l ( same as PhotonDiff . cpp l i n e 92)
99 w _ p d += C G L A : : s q r ( 1 . 0 f − x _ s t _ f i l t e r _ d i s t 2 ) ;

100 }
101
102 // average weights
103 w _ p d /= s t a t i c _ c a s t <f l o a t >(N ∗ N ) ;
104
105 // compute i r r ad i an c e
106 i r r a d += ( pd−>p o w e r / A _ p d ) ∗ w _ p d ;
107 }
108
109 // done
110 r e t u r n ( 3 . 0 ∗ i r r a d ) ;
111 }

Shader.h
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1 # i f n d e f SHADER H
2 # d e f i n e SHADER H
3
4 # i n c l u d e " C G L A / V e c 3 f . h "

5 # i n c l u d e " G e o m e t r y / R a y . h "

6 # i n c l u d e " R a y D i f f . h "

7
8 c l a s s S h a d e r

9 {
10 p u b l i c :
11 v i r t u a l C G L A : : V e c 3 f s h a d e ( G e o m e t r y : : R a y& r , b o o l e m i t = t r u e ) c o n s t = 0;
12
13 /∗ fug l sang begin ∗/
14 v i r t u a l C G L A : : V e c 3 f s h a d e ( G e o m e t r y : : R a y& r , R a y D i f f& dr , b o o l e m i t = t r u e ) ←↩

c o n s t

15 {
16 /∗ std : : cout
17 << ” shade ( ) cannot propagate ray d i f f e r e n t i a l , abort ing ”
18 << std : : endl ; ∗/
19
20 r e t u r n C G L A : : V e c 3 f ( 0 . 0 , 0 . 0 , 0 . 0 ) ;
21 }
22 /∗ fug l sang end ∗/
23 } ;
24
25 # e n d i f // SHADER H

PhotonCaustics.h

1 # i f n d e f PHOTONCAUSTICS H
2 # d e f i n e PHOTONCAUSTICS H
3
4 # i n c l u d e " C G L A / V e c 3 f . h "

5 # i n c l u d e " G e o m e t r y / R a y . h "

6 # i n c l u d e " P a r t i c l e T r a c e r . h "

7 # i n c l u d e " M C L a m b e r t i a n . h "

8 # i n c l u d e " R a y D i f f . h "

9
10 c l a s s P h o t o n C a u s t i c s : p u b l i c M C L a m b e r t i a n

11 {
12 p u b l i c :
13 P h o t o n C a u s t i c s ( P a r t i c l e T r a c e r ∗ p a r t i c l e _ t r a c e r ,
14 c o n s t s t d : : v e c t o r<L i g h t∗>& l i g h t _ v e c t o r ,
15 f l o a t m a x _ d i s t a n c e _ i n _ e s t i m a t e ,
16 i n t n o _ o f _ p h o t o n s _ i n _ e s t i m a t e )
17 : M C L a m b e r t i a n ( p a r t i c l e _ t r a c e r , l i g h t _ v e c t o r ) ,
18 t r a c e r ( p a r t i c l e _ t r a c e r ) ,
19 m a x _ d i s t ( m a x _ d i s t a n c e _ i n _ e s t i m a t e ) ,
20 p h o t o n s ( n o _ o f _ p h o t o n s _ i n _ e s t i m a t e )
21 { }
22
23 v i r t u a l C G L A : : V e c 3 f s h a d e ( G e o m e t r y : : R a y& r , b o o l e m i t = t r u e ) c o n s t ;
24 /∗ fug l sang begin ∗/
25 v i r t u a l C G L A : : V e c 3 f s h a d e ( G e o m e t r y : : R a y & r , R a y D i f f & dr , b o o l e m i t = t r u e ) ←↩

c o n s t ;
26 /∗ fug l sang end ∗/
27
28 p r o t e c t e d :
29 P a r t i c l e T r a c e r ∗ t r a c e r ;
30 f l o a t m a x _ d i s t ;
31 i n t p h o t o n s ;
32 } ;
33
34 # e n d i f // PHOTONCAUSTICS H

PhotonCaustics.cpp

1 # i n c l u d e " C G L A / V e c 3 f . h "

2 # i n c l u d e " G e o m e t r y / R a y . h "

3 # i n c l u d e " P h o t o n C a u s t i c s . h "

4
5 /∗ fug l sang begin ∗/
6 # i n c l u d e " V i e w D i f f T r a c e r . h "

7 /∗ fug l sang end ∗/
8
9 u s i n g n a m e s p a c e C G L A ;

10 u s i n g n a m e s p a c e G e o m e t r y ;
11
12 V e c 3 f P h o t o n C a u s t i c s : : s h a d e ( R a y& r , b o o l e m i t ) c o n s t

13 {
14 V e c 3 f r e s u l t = t r a c e r−>c a u s t i c s _ i r r a d i a n c e ( r , m a x _ d i s t , p h o t o n s ) ;
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15 r e s u l t ∗= g e t _ d i f f u s e ( r ) / M _ P I ;
16 r e t u r n r e s u l t + E m i s s i o n : : s h a d e ( r , e m i t ) ; // + MCLambertian : : shade ( r , emit ) ;
17 }
18
19 /∗ fug l sang begin ∗/
20 C G L A : : V e c 3 f P h o t o n C a u s t i c s : : s h a d e ( G e o m e t r y : : R a y & r , R a y D i f f & dr ,
21 b o o l e m i t ) c o n s t

22 {
23 V i e w D i f f T r a c e r ∗ v d t r a c e r = s t a t i c _ c a s t <V i e w D i f f T r a c e r ∗>( t r a c e r ) ;
24 i f ( ! v d t r a c e r )
25 r e t u r n S h a d e r : : s h a d e ( r , dr , e m i t ) ;
26
27 C G L A : : V e c 3 f r e s u l t = v d t r a c e r−>c a u s t i c s _ i r r a d i a n c e (
28 r , dr , m a x _ d i s t , p h o t o n s ) ;
29
30 r e s u l t ∗= g e t _ d i f f u s e ( r ) / M _ P I ;
31 r e t u r n r e s u l t + E m i s s i o n : : s h a d e ( r , e m i t ) ;
32 }
33 /∗ fug l sang end ∗/

PhotonLambertian.h

1 # i f n d e f PHOTONLAMBERTIAN H
2 # d e f i n e PHOTONLAMBERTIAN H
3
4 # i n c l u d e " C G L A / V e c 3 f . h "

5 # i n c l u d e " G e o m e t r y / R a y . h "

6 # i n c l u d e " P a r t i c l e T r a c e r . h "

7 # i n c l u d e " P h o t o n C a u s t i c s . h "

8 # i n c l u d e " R a y D i f f . h "

9
10 c l a s s P h o t o n L a m b e r t i a n : p u b l i c P h o t o n C a u s t i c s

11 {
12 p u b l i c :
13 P h o t o n L a m b e r t i a n ( P a r t i c l e T r a c e r ∗ p a r t i c l e _ t r a c e r ,
14 c o n s t s t d : : v e c t o r<L i g h t∗>& l i g h t _ v e c t o r ,
15 f l o a t m a x _ d i s t a n c e _ i n _ e s t i m a t e ,
16 i n t n o _ o f _ p h o t o n s _ i n _ e s t i m a t e ,
17 b o o l u s e _ f i n a l _ g a t h e r i n g = t r u e ,
18 u n s i g n e d i n t n o _ o f _ s a m p l e s = 1 ,
19 c o n s t P h o t o n C a u s t i c s ∗ c a u s t i c s _ s h a d e r = 0)
20 : P h o t o n C a u s t i c s ( p a r t i c l e _ t r a c e r , l i g h t _ v e c t o r , m a x _ d i s t a n c e _ i n _ e s t i m a t e , ←↩

n o _ o f _ p h o t o n s _ i n _ e s t i m a t e ) ,
21 g a t h e r ( u s e _ f i n a l _ g a t h e r i n g ) ,
22 s a m p l e s ( n o _ o f _ s a m p l e s ) ,
23 c a u s t i c s ( c a u s t i c s _ s h a d e r )
24 { }
25
26 v i r t u a l C G L A : : V e c 3 f s h a d e ( G e o m e t r y : : R a y& r , b o o l e m i t = t r u e ) c o n s t ;
27 /∗ fug l sang begin ∗/
28 v i r t u a l C G L A : : V e c 3 f s h a d e ( G e o m e t r y : : R a y & r , R a y D i f f & dr , b o o l e m i t = t r u e ) ←↩

c o n s t ;
29 /∗ fug l sang end ∗/
30
31 b o o l i s _ g a t h e r i n g ( ) c o n s t { r e t u r n g a t h e r ; }
32 v o i d t o g g l e _ f i n a l _ g a t h e r i n g ( ) { g a t h e r = ! g a t h e r ; }
33
34 p r o t e c t e d :
35 C G L A : : V e c 3 f s p l i t _ s h a d e ( G e o m e t r y : : R a y& r , b o o l e m i t ) c o n s t ;
36 C G L A : : V e c 3 f s h a d e _ n e w _ r a y ( G e o m e t r y : : R a y& r ) c o n s t ;
37 /∗ fug l sang begin ∗/
38 C G L A : : V e c 3 f s p l i t _ s h a d e ( G e o m e t r y : : R a y & r , R a y D i f f & dr , b o o l e m i t ) c o n s t ;
39 C G L A : : V e c 3 f s h a d e _ n e w _ r a y ( G e o m e t r y : : R a y & r , R a y D i f f & d r ) c o n s t ;
40 /∗ fug l sang end ∗/
41
42 b o o l g a t h e r ;
43 u n s i g n e d i n t s a m p l e s ;
44 c o n s t P h o t o n C a u s t i c s ∗ c a u s t i c s ;
45 } ;
46
47 # e n d i f // PHOTONLAMBERTIAN H

PhotonLambertian.cpp

1 # i n c l u d e " C G L A / V e c 3 f . h "

2 # i n c l u d e " G e o m e t r y / R a y . h "

3 # i n c l u d e " P h o t o n L a m b e r t i a n . h "

4
5 /∗ fug l sang begin ∗/
6 # i n c l u d e " V i e w D i f f T r a c e r . h "

7 /∗ fug l sang end ∗/
8
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9 u s i n g n a m e s p a c e C G L A ;
10 u s i n g n a m e s p a c e G e o m e t r y ;
11
12 V e c 3 f P h o t o n L a m b e r t i a n : : s h a d e ( R a y& r , b o o l e m i t ) c o n s t

13 {
14 i f ( g a t h e r && ! r . d i d _ h i t _ d i f f u s e )
15 r e t u r n s p l i t _ s h a d e ( r , e m i t ) ;
16
17 V e c 3 f r e s u l t = t r a c e r−>g l o b a l _ i r r a d i a n c e ( r , m a x _ d i s t , p h o t o n s ) ;
18 r e s u l t ∗= g e t _ d i f f u s e ( r ) / s t a t i c _ c a s t <f l o a t >( M _ P I ) ;
19 r e t u r n r e s u l t + E m i s s i o n : : s h a d e ( r , ! g a t h e r ) ;
20 }
21
22 V e c 3 f P h o t o n L a m b e r t i a n : : s p l i t _ s h a d e ( R a y& r , b o o l e m i t ) c o n s t

23 {
24 V e c 3 f r e s u l t = L a m b e r t i a n : : s h a d e ( r , e m i t ) ;
25 V e c 3 f r h o = g e t _ d i f f u s e ( r ) ;
26 i f ( r h o [ 0 ] + r h o [ 1 ] + r h o [ 2 ] > 0 . 0 )
27 {
28 V e c 3 f i n d i r e c t ( 0 . 0 f ) ;
29 f o r ( u n s i g n e d i n t i = 0; i < s a m p l e s ; ++i )
30 {
31 R a y n e w _ r a y ;
32 t r a c e r−>t r a c e _ c o s i n e _ w e i g h t e d ( r , n e w _ r a y ) ;
33 i n d i r e c t += s h a d e _ n e w _ r a y ( n e w _ r a y ) ;
34 }
35 r e s u l t += i n d i r e c t ∗ r h o / s t a t i c _ c a s t <d o u b l e >( s a m p l e s ) ;
36 r e s u l t += c a u s t i c s

37 ? c a u s t i c s−>s h a d e ( r , f a l s e )
38 : ( r h o / s t a t i c _ c a s t <f l o a t >( M _ P I ) )∗ t r a c e r−>c a u s t i c s _ i r r a d i a n c e ( r , m a x _ d i s t , ←↩

p h o t o n s ) ;
39 }
40 r e t u r n r e s u l t ;
41 }
42
43 V e c 3 f P h o t o n L a m b e r t i a n : : s h a d e _ n e w _ r a y ( R a y& r ) c o n s t

44 {
45 i f ( r . h a s _ h i t )
46 {
47 r . d i d _ h i t _ d i f f u s e = t r u e ;
48 c o n s t S h a d e r ∗ s = t r a c e r−>g e t _ s h a d e r ( r ) ;
49 i f ( s )
50 r e t u r n s−>s h a d e ( r , f a l s e ) ;
51 }
52 e l s e

53 r e t u r n t r a c e r−>g e t _ b a c k g r o u n d ( r . d i r e c t i o n ) ;
54
55 r e t u r n V e c 3 f ( 0 . 0 f ) ;
56 }
57
58 /∗ fug l sang begin ∗/
59 C G L A : : V e c 3 f P h o t o n L a m b e r t i a n : : s h a d e ( G e o m e t r y : : R a y & r , R a y D i f f & dr ,
60 b o o l e m i t ) c o n s t

61 {
62 i f ( g a t h e r && ! r . d i d _ h i t _ d i f f u s e )
63 r e t u r n s p l i t _ s h a d e ( r , e m i t ) ;
64
65 V i e w D i f f T r a c e r ∗ v d t r a c e r = s t a t i c _ c a s t <V i e w D i f f T r a c e r ∗>( t r a c e r ) ;
66 i f ( ! v d t r a c e r )
67 r e t u r n S h a d e r : : s h a d e ( r , dr , e m i t ) ;
68
69 C G L A : : V e c 3 f r e s u l t = v d t r a c e r−>g l o b a l _ i r r a d i a n c e ( r , dr , m a x _ d i s t , p h o t o n s ) ;
70
71 r e s u l t ∗= g e t _ d i f f u s e ( r ) / s t a t i c _ c a s t <f l o a t >( M _ P I ) ;
72 r e t u r n r e s u l t + E m i s s i o n : : s h a d e ( r , ! g a t h e r ) ;
73 }
74
75 C G L A : : V e c 3 f P h o t o n L a m b e r t i a n : : s p l i t _ s h a d e ( G e o m e t r y : : R a y & r , R a y D i f f & dr ,
76 b o o l e m i t ) c o n s t

77 {
78 V i e w D i f f T r a c e r ∗ v d t r a c e r = s t a t i c _ c a s t <V i e w D i f f T r a c e r ∗>( t r a c e r ) ;
79 i f ( ! v d t r a c e r )
80 r e t u r n S h a d e r : : s h a d e ( r , dr , e m i t ) ;
81
82 C G L A : : V e c 3 f r e s u l t = L a m b e r t i a n : : s h a d e ( r , e m i t ) ;
83 C G L A : : V e c 3 f r h o = g e t _ d i f f u s e ( r ) ;
84
85 i f ( r h o [ 0 ] + r h o [ 1 ] + r h o [ 2 ] > 0 . 0 )
86 {
87 C G L A : : V e c 3 f i n d i r e c t ( 0 . 0 f ) ;
88
89 f o r ( u n s i g n e d i n t i = 0; i < s a m p l e s ; ++i )
90 {
91 G e o m e t r y : : R a y r _ s p l i t ;
92 R a y D i f f d r _ s p l i t = d r ;
93 v d t r a c e r−>t r a c e _ c o s i n e _ w e i g h t e d ( r , r _ s p l i t , d r _ s p l i t ) ;
94 i n d i r e c t += s h a d e _ n e w _ r a y ( r _ s p l i t , d r _ s p l i t ) ;
95 }
96
97 r e s u l t += i n d i r e c t ∗ r h o / s t a t i c _ c a s t <d o u b l e >( s a m p l e s ) ;
98 r e s u l t += c a u s t i c s

99 ? c a u s t i c s−>s h a d e ( r , dr , f a l s e )
100 : ( r h o / s t a t i c _ c a s t <f l o a t >( M _ P I ) )
101 ∗ v d t r a c e r−>c a u s t i c s _ i r r a d i a n c e ( r , dr , m a x _ d i s t , p h o t o n s ) ;
102 }
103
104 r e t u r n r e s u l t ;
105 }
106
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107 V e c 3 f P h o t o n L a m b e r t i a n : : s h a d e _ n e w _ r a y ( G e o m e t r y : : R a y & r , R a y D i f f & d r ) c o n s t

108 {
109 i f ( r . h a s _ h i t )
110 {
111 r . d i d _ h i t _ d i f f u s e = t r u e ;
112 S h a d e r c o n s t ∗ s = t r a c e r−>g e t _ s h a d e r ( r ) ;
113 i f ( s )
114 r e t u r n s−>s h a d e ( r , dr , f a l s e ) ;
115 }
116 e l s e

117 r e t u r n t r a c e r−>g e t _ b a c k g r o u n d ( r . d i r e c t i o n ) ;
118
119 r e t u r n V e c 3 f ( 0 . 0 f ) ;
120 }
121 /∗ fug l sang end ∗/

Transparent.h

1 # i f n d e f TRANSPARENT H
2 # d e f i n e TRANSPARENT H
3
4 # i n c l u d e " C G L A / V e c 3 f . h "

5 # i n c l u d e " G e o m e t r y / R a y . h "

6 # i n c l u d e " G e o m e t r y / M a t e r i a l . h "

7 # i n c l u d e " P a t h T r a c e r . h "

8 # i n c l u d e " M i r r o r . h "

9
10 c l a s s T r a n s p a r e n t : p u b l i c M i r r o r

11 {
12 p u b l i c :
13 T r a n s p a r e n t ( P a t h T r a c e r ∗ p a t h t r a c e r , i n t n o _ o f _ s p l i t s = 1 , i n t m a x _ t r a c e _ d e p t h = ←↩

20)
14 : M i r r o r ( p a t h t r a c e r , m a x _ t r a c e _ d e p t h ) ,
15 s p l i t s ( n o _ o f _ s p l i t s )
16 { }
17
18 v i r t u a l C G L A : : V e c 3 f s h a d e ( G e o m e t r y : : R a y& r , b o o l e m i t = t r u e ) c o n s t ;
19 /∗ fug l sang begin ∗/
20 v i r t u a l C G L A : : V e c 3 f s h a d e ( G e o m e t r y : : R a y & r , R a y D i f f & dr , b o o l e m i t = t r u e ) ←↩

c o n s t ;
21 /∗ fug l sang end ∗/
22
23 p r o t e c t e d :
24 C G L A : : V e c 3 f s p l i t _ s h a d e ( G e o m e t r y : : R a y& r , b o o l e m i t ) c o n s t ;
25 /∗ fug l sang begin ∗/
26 C G L A : : V e c 3 f s p l i t _ s h a d e ( G e o m e t r y : : R a y & r , R a y D i f f & dr , b o o l e m i t ) c o n s t ;
27 /∗ fug l sang end ∗/
28
29 i n t s p l i t s ;
30 } ;
31
32 # e n d i f // TRANSPARENT H

Transparent.cpp

1 # i n c l u d e " C G L A / V e c 3 f . h "

2 # i n c l u d e " G e o m e t r y / R a y . h "

3 # i n c l u d e " m t _ r a n d o m . h "

4 # i n c l u d e " T r a n s p a r e n t . h "

5
6 /∗ fug l sang begin ∗/
7 # i n c l u d e " V i e w D i f f T r a c e r . h "

8 /∗ fug l sang end ∗/
9

10 u s i n g n a m e s p a c e C G L A ;
11 u s i n g n a m e s p a c e G e o m e t r y ;
12
13 V e c 3 f T r a n s p a r e n t : : s h a d e ( R a y& r , b o o l e m i t ) c o n s t

14 {
15 i f ( r . t r a c e _ d e p t h >= m a x _ d e p t h )
16 r e t u r n V e c 3 f ( 0 . 0 f ) ;
17 i f ( r . t r a c e _ d e p t h < s p l i t s )
18 r e t u r n s p l i t _ s h a d e ( r , e m i t ) ;
19
20 d o u b l e R ;
21 R a y r e f r a c t e d ;
22 t r a c e r−>t r a c e _ r e f r a c t e d ( r , r e f r a c t e d , R ) ;
23
24 d o u b l e x i = m t _ r a n d o m ( ) ;
25 i f ( x i < R )
26 {
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27 R a y r e f l e c t e d ;
28 t r a c e r−>t r a c e _ r e f l e c t e d ( r , r e f l e c t e d ) ;
29 r e t u r n s h a d e _ n e w _ r a y ( r e f l e c t e d ) ;
30 }
31 r e t u r n s h a d e _ n e w _ r a y ( r e f r a c t e d ) ;
32 }
33
34 V e c 3 f T r a n s p a r e n t : : s p l i t _ s h a d e ( R a y& r , b o o l e m i t ) c o n s t

35 {
36 d o u b l e R ;
37 R a y r e f l e c t e d , r e f r a c t e d ;
38 t r a c e r−>t r a c e _ r e f l e c t e d ( r , r e f l e c t e d ) ;
39 t r a c e r−>t r a c e _ r e f r a c t e d ( r , r e f r a c t e d , R ) ;
40 r e t u r n R∗ s h a d e _ n e w _ r a y ( r e f l e c t e d ) + (1 . 0 − R )∗ s h a d e _ n e w _ r a y ( r e f r a c t e d ) ;
41 }
42
43 /∗ fug l sang begin ∗/
44 C G L A : : V e c 3 f T r a n s p a r e n t : : s h a d e ( G e o m e t r y : : R a y & r , R a y D i f f & dr ,
45 b o o l e m i t ) c o n s t

46 {
47 i f ( r . t r a c e _ d e p t h >= m a x _ d e p t h )
48 r e t u r n V e c 3 f ( 0 . 0 f ) ;
49 i f ( r . t r a c e _ d e p t h < s p l i t s )
50 r e t u r n s p l i t _ s h a d e ( r , dr , e m i t ) ;
51
52 V i e w D i f f T r a c e r ∗ v d t r a c e r = s t a t i c _ c a s t <V i e w D i f f T r a c e r ∗>( t r a c e r ) ;
53 i f ( ! v d t r a c e r )
54 r e t u r n S h a d e r : : s h a d e ( r , dr , e m i t ) ;
55
56 d o u b l e R ;
57 G e o m e t r y : : R a y r _ r e f r a c t e d ;
58 R a y D i f f d r _ r e f r a c t e d = d r ;
59 v d t r a c e r−>t r a c e _ r e f r a c t e d ( r , r _ r e f r a c t e d , d r _ r e f r a c t e d , R ) ;
60
61 d o u b l e x i = m t _ r a n d o m ( ) ;
62 i f ( x i < R )
63 {
64 G e o m e t r y : : R a y r _ r e f l e c t e d ;
65 R a y D i f f d r _ r e f l e c t e d = d r ;
66 v d t r a c e r−>t r a c e _ r e f l e c t e d ( r , r _ r e f l e c t e d , d r _ r e f l e c t e d ) ;
67 r e t u r n s h a d e _ n e w _ r a y ( r _ r e f l e c t e d , d r _ r e f l e c t e d ) ;
68 }
69
70 r e t u r n s h a d e _ n e w _ r a y ( r _ r e f r a c t e d , d r _ r e f r a c t e d ) ;
71 }
72
73 C G L A : : V e c 3 f T r a n s p a r e n t : : s p l i t _ s h a d e ( G e o m e t r y : : R a y & r , R a y D i f f & dr ,
74 b o o l e m i t ) c o n s t

75 {
76 V i e w D i f f T r a c e r ∗ v d t r a c e r = s t a t i c _ c a s t <V i e w D i f f T r a c e r ∗>( t r a c e r ) ;
77 i f ( ! v d t r a c e r )
78 r e t u r n S h a d e r : : s h a d e ( r , dr , e m i t ) ;
79
80 d o u b l e R ;
81 G e o m e t r y : : R a y r _ r e f l e c t e d , r _ r e f r a c t e d ;
82 R a y D i f f d r _ r e f l e c t e d , d r _ r e f r a c t e d ;
83
84 d r _ r e f l e c t e d = d r ;
85 d r _ r e f r a c t e d = d r ;
86
87 v d t r a c e r−>t r a c e _ r e f l e c t e d ( r , r _ r e f l e c t e d , d r _ r e f l e c t e d ) ;
88 v d t r a c e r−>t r a c e _ r e f r a c t e d ( r , r _ r e f r a c t e d , d r _ r e f r a c t e d , R ) ;
89
90 r e t u r n ( s h a d e _ n e w _ r a y ( r _ r e f l e c t e d , d r _ r e f l e c t e d )∗ R +
91 s h a d e _ n e w _ r a y ( r _ r e f r a c t e d , d r _ r e f r a c t e d ) ∗ (1 .0 − R ) ) ;
92 }
93 /∗ fug l sang end ∗/

Mirror.h

1 # i f n d e f MIRROR H
2 # d e f i n e MIRROR H
3
4 # i n c l u d e " C G L A / V e c 3 f . h "

5 # i n c l u d e " G e o m e t r y / R a y . h "

6 # i n c l u d e " P a t h T r a c e r . h "

7 # i n c l u d e " C o l l i m a t e d . h "

8 # i n c l u d e " S h a d e r . h "

9 # i n c l u d e " R a y D i f f . h "

10
11 c l a s s M i r r o r : v i r t u a l p u b l i c S h a d e r

12 {
13 p u b l i c :
14 M i r r o r ( P a t h T r a c e r ∗ p a t h t r a c e r , i n t m a x _ t r a c e _ d e p t h = 20)
15 : t r a c e r ( p a t h t r a c e r ) , m a x _ d e p t h ( m a x _ t r a c e _ d e p t h ) , l a s e r (0)
16 { }
17
18 v i r t u a l C G L A : : V e c 3 f s h a d e ( G e o m e t r y : : R a y& r , b o o l e m i t = t r u e ) c o n s t ;
19 /∗ fug l sang begin ∗/
20 v i r t u a l C G L A : : V e c 3 f s h a d e ( G e o m e t r y : : R a y & r , R a y D i f f & dr , b o o l e m i t = t r u e ) ←↩

c o n s t ;
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21 /∗ fug l sang end ∗/
22
23 v o i d s e t _ l a s e r ( C o l l i m a t e d ∗ c o l l i m a t e d ) { l a s e r = c o l l i m a t e d ; }
24
25 p r o t e c t e d :
26 C G L A : : V e c 3 f s h a d e _ n e w _ r a y ( G e o m e t r y : : R a y& r ) c o n s t ;
27 /∗ fug l sang begin ∗/
28 C G L A : : V e c 3 f s h a d e _ n e w _ r a y ( G e o m e t r y : : R a y & r , R a y D i f f & d r ) c o n s t ;
29 /∗ fug l sang end ∗/
30
31 C o l l i m a t e d ∗ l a s e r ;
32 P a t h T r a c e r ∗ t r a c e r ;
33 i n t m a x _ d e p t h ;
34 } ;
35
36 # e n d i f // MIRROR H

Mirror.cpp

1 # i n c l u d e " C G L A / V e c 3 f . h "

2 # i n c l u d e " G e o m e t r y / R a y . h "

3 # i n c l u d e " M i r r o r . h "

4
5 /∗ fug l sang begin ∗/
6 # i n c l u d e " V i e w D i f f T r a c e r . h "

7 /∗ fug l sang end ∗/
8
9 u s i n g n a m e s p a c e C G L A ;

10 u s i n g n a m e s p a c e G e o m e t r y ;
11
12 V e c 3 f M i r r o r : : s h a d e ( R a y& r , b o o l e m i t ) c o n s t

13 {
14 i f ( r . t r a c e _ d e p t h >= m a x _ d e p t h )
15 r e t u r n V e c 3 f ( 0 . 0 f ) ;
16
17 R a y r e f l e c t e d ;
18 t r a c e r−>t r a c e _ r e f l e c t e d ( r , r e f l e c t e d ) ;
19 r e t u r n s h a d e _ n e w _ r a y ( r e f l e c t e d ) ;
20 }
21
22 V e c 3 f M i r r o r : : s h a d e _ n e w _ r a y ( R a y& r ) c o n s t

23 {
24 i f ( r . h a s _ h i t )
25 {
26 c o n s t S h a d e r ∗ s = t r a c e r−>g e t _ s h a d e r ( r ) ;
27 i f ( s )
28 r e t u r n s−>s h a d e ( r , t r u e ) ;
29 }
30 e l s e

31 r e t u r n t r a c e r−>g e t _ b a c k g r o u n d ( r . d i r e c t i o n ) ;
32
33 r e t u r n V e c 3 f ( 0 . 0 f ) ;
34 }
35
36 /∗ fug l sang begin ∗/
37 C G L A : : V e c 3 f M i r r o r : : s h a d e ( G e o m e t r y : : R a y & r , R a y D i f f & dr , b o o l e m i t ) c o n s t

38 {
39 i f ( r . t r a c e _ d e p t h >= m a x _ d e p t h )
40 r e t u r n V e c 3 f ( 0 . 0 f ) ;
41
42 V i e w D i f f T r a c e r ∗ v d t r a c e r = s t a t i c _ c a s t <V i e w D i f f T r a c e r ∗>( t r a c e r ) ;
43 i f ( ! v d t r a c e r )
44 r e t u r n S h a d e r : : s h a d e ( r , dr , e m i t ) ;
45
46 G e o m e t r y : : R a y r _ r e f l e c t e d ;
47 v d t r a c e r−>t r a c e _ r e f l e c t e d ( r , r _ r e f l e c t e d , d r ) ;
48 r e t u r n s h a d e _ n e w _ r a y ( r _ r e f l e c t e d , d r ) ;
49 }
50
51 V e c 3 f M i r r o r : : s h a d e _ n e w _ r a y ( G e o m e t r y : : R a y & r , R a y D i f f & d r ) c o n s t

52 {
53 i f ( r . h a s _ h i t )
54 {
55 S h a d e r c o n s t ∗ s = t r a c e r−>g e t _ s h a d e r ( r ) ;
56 i f ( s )
57 r e t u r n s−>s h a d e ( r , dr , t r u e ) ;
58 }
59 e l s e

60 r e t u r n t r a c e r−>g e t _ b a c k g r o u n d ( r . d i r e c t i o n ) ;
61
62 r e t u r n V e c 3 f ( 0 . 0 f ) ;
63 }
64 /∗ fug l sang end ∗/

Metal.h
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1 # i f n d e f METAL H
2 # d e f i n e METAL H
3
4 # i n c l u d e <c l im i t s>
5 # i n c l u d e " C G L A / V e c 3 f . h "

6 # i n c l u d e " G e o m e t r y / R a y . h "

7 # i n c l u d e " P a t h T r a c e r . h "

8 # i n c l u d e " M i r r o r . h "

9
10 c l a s s M e t a l : p u b l i c M i r r o r

11 {
12 p u b l i c :
13 M e t a l ( P a t h T r a c e r ∗ p a t h t r a c e r , i n t n o _ o f _ s p l i t s = 1)
14 : M i r r o r ( p a t h t r a c e r , I N T _ M A X ) , s p l i t s ( n o _ o f _ s p l i t s )
15 { }
16
17 v i r t u a l C G L A : : V e c 3 f s h a d e ( G e o m e t r y : : R a y& r , b o o l e m i t = t r u e ) c o n s t ;
18 /∗ fug l sang begin ∗/
19 v i r t u a l C G L A : : V e c 3 f s h a d e ( G e o m e t r y : : R a y & r , R a y D i f f & dr , b o o l e m i t = t r u e ) ←↩

c o n s t ;
20 /∗ fug l sang end ∗/
21
22 p r o t e c t e d :
23 i n t s p l i t s ;
24 } ;
25
26 # e n d i f // METAL H

Metal.cpp

1 # i n c l u d e " C G L A / V e c 3 f . h "

2 # i n c l u d e " G e o m e t r y / R a y . h "

3 # i n c l u d e " m t _ r a n d o m . h "

4 # i n c l u d e " M e t a l . h "

5
6 /∗ fug l sang begin ∗/
7 # i n c l u d e " V i e w D i f f T r a c e r . h "

8 /∗ fug l sang end ∗/
9

10 u s i n g n a m e s p a c e C G L A ;
11 u s i n g n a m e s p a c e G e o m e t r y ;
12
13 V e c 3 f M e t a l : : s h a d e ( R a y& r , b o o l e m i t ) c o n s t

14 {
15 V e c 3 f r e s u l t ( 0 . 0 f ) ;
16 V e c 3 f R ;
17 R a y r e f l e c t e d ;
18 t r a c e r−>t r a c e _ r e f l e c t e d ( r , r e f l e c t e d , R ) ;
19
20 i f ( r . t r a c e _ d e p t h >= s p l i t s )
21 {
22 d o u b l e p r o b = ( R [ 0 ] + R [ 1 ] + R [ 2 ] ) / 3 . 0 ;
23 d o u b l e x i = m t _ r a n d o m ( ) ;
24 i f ( x i < p r o b )
25 r e s u l t += R∗ s h a d e _ n e w _ r a y ( r e f l e c t e d ) / p r o b ;
26 }
27 e l s e

28 r e s u l t += R∗ s h a d e _ n e w _ r a y ( r e f l e c t e d ) ;
29 r e t u r n r e s u l t ;
30 }
31
32 /∗ fug l sang begin ∗/
33 C G L A : : V e c 3 f M e t a l : : s h a d e ( G e o m e t r y : : R a y & r , R a y D i f f & dr , b o o l e m i t ) c o n s t

34 {
35 C G L A : : V e c 3 f r e s u l t ( 0 . 0 f ) ;
36 C G L A : : V e c 3 f R ;
37 G e o m e t r y : : R a y r _ r e f l e c t e d ;
38 R a y D i f f d r _ r e f l e c t e d = d r ;
39
40 V i e w D i f f T r a c e r ∗ v d t r a c e r = s t a t i c _ c a s t <V i e w D i f f T r a c e r ∗>( t r a c e r ) ;
41 i f ( ! v d t r a c e r )
42 r e t u r n S h a d e r : : s h a d e ( r , dr , e m i t ) ;
43
44 v d t r a c e r−>t r a c e _ r e f l e c t e d ( r , r _ r e f l e c t e d , d r _ r e f l e c t e d , R ) ;
45
46 i f ( r . t r a c e _ d e p t h >= s p l i t s )
47 {
48 d o u b l e p r o b = ( R [ 0 ] + R [ 1 ] + R [ 2 ] ) / 3 . 0 ;
49 d o u b l e x i = m t _ r a n d o m ( ) ;
50 i f ( x i < p r o b )
51 r e s u l t += R∗ s h a d e _ n e w _ r a y ( r _ r e f l e c t e d , d r _ r e f l e c t e d ) / p r o b ;
52 }
53 e l s e

54 r e s u l t += R∗ s h a d e _ n e w _ r a y ( r _ r e f l e c t e d , d r _ r e f l e c t e d ) ;
55
56 r e t u r n r e s u l t ;
57 }
58 /∗ fug l sang end ∗/

59
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